www.idosr.org/E.BOOK Ugwu

CHAPTER 1
VECTORS
1.1.0 Vector and scalars

Vector methods have become standard tolls for the physicists. In this
chapter we discuss the properties of the vectors and vectors fields that
occur in classical physics. We will do so in a way, and in a notation,
that leads to the formation of abstract linear vector spaces.

A physical quantity that is completely specified, in appropriate units,
by a single number (called its magnitude) such as volume, mass, and
temperature is called a scalar. Scalar quantities are treated as
ordinary real numbers. They obey all the regular rules of algebraic
addition, subtraction, multiplication, division, and so on.

There are also physical quantities which require a magnitude and a
direction for their complete specification. These are called vector if
their combination with each other is commutative (that is the order of
addition may be changed without affecting the result). Thus not all
quantities possessing magnitude and direction are vectors. Angular
displacement, for example, may be characterized by magnitude and
direction but is not vector, for the addition of two or more angular
displacements is not, in general, commutative.

Generally, we shall denote vector by boldface letters (such as A) and
use ordinary italic letters (such as A) for their magnitudes; in writing,
vectors are usually represented by a letter with an arrow an above it

such asA. A given vector A (ord.) can be written as
A=AA., (1.1)

Where A is the magnitude of vector Aand so it has unit and
dimension, and 4 is a dimensionless unit vector with unity magnitude

having the direction of A. thusj. = A/A.

A vector quantity maybe represented graphically by an arrow-tipped
line segment. The length of the arrow represents the magnitude of the
vector, and the direction of the arrow is that of the vector, as show in
Fig 1.1. Alternatively, a vector can be specified by its components
(projections along the coordinate axes) and the unit vectors along the
coordinate axes (Fig 1.2).

3
A= Alél + Azéz + Aé3 = ZAlél (12a)
i=1
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Where ¢é;(i =1,2,3) are unit vector along the rectangular axes x;
(x; = x,x, = y,x3 = z); they are normally written as i,j,k in general
physics textbooks. The component triplet (4;,4;,43) is also often used
as an alternate designation for vector A

A=Ak (1.2b)

This algebraic notation of a vector can be extended (or generalized) to
spaces of dimension greater than three, where an ordered n —tuple of
real numbers, (44,4;,,4,), represents a vector. Even though we
cannot construct physical vectors for n >3, we can retain the
geometrical language for these n —dimensional generalizations.

X3

1

A=AA
X1 A2
Figure 1.2.A vector A in Cartesian coordinates.
1.1.1 Direction angles and direction cosines

We express the unit vector 4 in terms of the unit coordinate vectorsé;.
From Eq (1.2), A = A1é; + A,é, + Aé3, we have

A, A, | Asz | A
A =A(7€1 +7€2 +7€3> = AA

A A A . . .
Now 71 = cosa, 72605 B, and 71 = cosy are the direction cosines of the

vector A, and q, 8, and y are the direction angles (Fig. 1.3). Thus we
can write

A = A(cos aé; + cos fé, + cosyés) = AA;
It follows that

A = (cosaé; + cos fé, + cosyé;) = (cosa,cos f5,cosy). (1.3a)

£
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Figure 1.3 Direction angles of vector

Two vectors, say A and B, are equal if, and only if, their respective
components are equal:

A= BOT(Al,Az,Ag) (Bl,Bz,Bg) (1.3b)
Is equivalent to the three equations?
Al = Bl,Az = Bz,A3 == B3.

Geometrically, equal vector are parallel and have the same length, but
do notnecessarily have the same position.

1.1.2 Vector addition
The addition of two vectors is defined by the equation
A =B = (Ay,4A2,43) + (B, B, B3) + (A1 + By, Az + By, A3 + B3) (1.4)

That is, the sum of two vectors is a vector whose components are
sums of the components of the two given vectors.

We can add two non-parallel vectors by graphical method as
shown in Fig. 1.5. To add vector B vector A, shift B parallel to itself
until is tail is at the head of A. the vectors sum A+B is a vector C
drawn from the tail of A to the head of B. the order in which the vector
are added does not affect the result.

The addition of two vectors is defined by the triangle law:
a
A

C C
Let AB and BC represent the vectors a and b. the addition of vectors a

and b is written a+b and is defined by a+b=AC, thus AB+BC=AC where
AC represents the vector c.

If the points A, B, and C are collinear, the law of vector addition still
requires that AB+BC= AC. Although the triangle ABC is no more, the
magnitudes AB+BC=AC
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If C were coincident with A in the first case then AC=0 and we define
AC=0

Where O is the zero or rule vector If A and C are coincident we may
also

Write AB+BC-0
And hence AB+BA=0
AB=-BA

Which defines our use of the minus sign AB and BA are vectors with
equal magnitude but opposite directions.

By definition to subtract U from V, we add V and (-U). so
V-U=v+ (-u)

We have the triangle law for the addition of vectors, and we know that
—u and u are vectors of equal magnitude in opposite directions.

A (o8 C
If is the mid- point of CC!
BCl= - BC
AC1=AB+BC!
AC1=AB-BC
1.1.3 Multiplication by a scalar
If ¢ is scalar then
cA = (cAy,cAy, cA3). (1.5)

Geometrically, the vector c4 is parallel to A and c times the length of
A. when ¢ = —1, the vector—A4 is one whose direction is the reverse of
that of 4, but both

4
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Figure 1.4 Addition of two vectors.

Have the length. Thus, subtraction of vector B from vector A is
equivalent to adding—B to 4;

A—B=A+(-B). (1.6)
We see that vector addition has the following properties:

A + B = B + A(commutativity);

(A+B) + C = A+ (B + C)(associativity);
A+0=04+4=A4;

A+ (—4) =0.

oo

We now turn to vector multiplication. Note that division by a vector is
not defined: expressions such as k/A or B/A are meaningless.

There are several ways of multiplying two vectors. Each of which has a
specialmeaning tow types are defined.

1.1.4 LAWS OF VECTOR ALGEBRA
Vector algebra involve the following rules

A+B=B+A commutative law

A+(B+CO=(A+B) +C= Associative law

mA=Am commutative

(m+n) A=mA+ n A distributive law m and n are scalar qualities
(m +n)A= mA+ n A distributive law

m (A +B)=mA+mB)

oAb

1.1.5 DIRECTION COSINES

In the previous diagram, the anglesa, and y are between op and j and
k respectively; cos «, cos f and cos y are called the direction cosines
of op

a=op cos «

b=op cos f

c=o0p cos y

Already we have seen that

Op’=a’+b’+c’
..0p* =0p°cos’a +0p* cos’+0p° cos’y
l1=cos’a +cos’ f+cos’y

>
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We may now write

(a) Y 4 reloB = Ya"¥g = (3i + 4§-5k) —(—2i - j+k)

1.2 ANGLE BETWEEN ANY TWO VECTORS

P
We use cosine formula

la-p |2 =q2 + p% —2pq cos 6
let g=q(1,i + m;j + nik) and p = p (Li + myj + nik)
wherelm, n,and 1, m , and n_, are
’ I’ 1
Direction cosines of q and p respectively

Therefore

_cos 0=q° +p% —(gl-plL) —(qm-pm,) —(gn-pn,)
2gp

q2 (P-m’—n*)+ p[l’ -1 -m’ —n’+ 2pq (1l +mm +nn,)

1

2pq

=[l + mm +nn
since ’+m*’+m’ =1 and

I’+m’+n’ =1
As we have already indicated in discussion of direction

Cosines

6
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Example 1

Given that A=—-i + 2j -2k find

a. The magnitude of A
b. The unit vector in the direction of A
c. The direction cosine of A
d. The angle between A and B=3i+4j—-12k
e. The angle between 3A-B and A+B
f.
SOLUTION
2 2 2 ’ _ 9
Al=[(-1) +(2) +((-2))] V2 =3
(b)e - A —1+2J—2k:—_1i+ gj—gk
A |A| 3 3 3 3
. ) ) 2 2
(c) the direction cosine of A are; —— = and -=
2, 3 3
B= 3i+4j-12k
(d)e B E_ 3i+4j-12k  3i+4j-12k
B |B (3 +4 +(-12y 13
) ) ) 3 4 12
Therefore the direction cosines of b are — — and -—
13, 13 13

If the angle between the two vectors A and B is #, we can use direction
cosine to obtain the value of # In direction cosine of

A, e 1=—l m=3 n=—2 and in that of
A 3, 3, 3
B, L, -3 m= 4 n=-2

13, = 13, 13
.. COS 6 =11, + mm, + nn,

SCREORGISE
3 (13 3 13 3 13 39
0 cos~1 (§j = 470
39
(e) Define

Al andB! by
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Al = 3A-B=(-3i + bj - 6k)— (3i+4j- 12k)= -6i + 2j + 6k

bl = A+B=(-i+2j-2)+(+3i+4j-12k)= 2i+ 6] 14k
-6i+2j+6k  —6i+2j+6k

6y +(2y +(6)]" 76

-31+J + 3K

J19

eA1 =

2i + 6j-14k

2 2 _ 2%:21+6J—14k
[(2F +(6) +(-14)] 7236

eB1 =

i+3j-7k
J59

If the angle between A! and Blis ¢, then

on (33 (25 M)

__ 2t ~-0.62722

(/59)(&9)
¢ =cos 1 (-0.62722) =129
1.3 RELATIVE VECTORS

This concept involves the application of a vector method to different
types of problems such as

(a) Position vectors.

The position vector defines the position of one point relative to another
point

rrel 1

Which reads; the position vector of p> relative to piis equal to the
position vector of p2 minus the position vector of pi1 co linearitypoints

8
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pp =r,—r,and p,p,=r1,-T1,
therefore n(rs —r1) =m(r2 -7,)
nr+mr,

3

n+m

If we are considering external division m or n will be negative. The
position vectors specified in the diagram relative to, o, r1 and r2 defines
the division Of @ given straight line in a given ratio say m: n and provides a
good test for co linearity of three points.

The condition for co linearity may be written
mr +mr,+1lr, =0 wheren+m+1=0

ifr, r, and r,

Are specified in terms of equating components of vectors
na, + mb, =(n+m)c,

na, + mb, = (n+m)c,

na, + mb, = (n+m)c,

These equations must each give the same relationship between n and
m if r1, ra,

Example 2

Particle A is at position 3i + 4j-5k moving with a velocity -2i+3j + 3]
+6k and acceleration iaj — 2k particle B is at position -2i-j+k moving
with a velocity i-2j + 2k and acceleration -i-2j +k

Find (a) the position of a relative to B

(b)Velocity of B relative to A

(a) Acceleration of B relative to A

9
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Solution

(a)y,relB=y, -y, =(3i + 4j-5k) - (—2i — j+ k) = 5i + 5 - 6k in meters”

<

. —v, = v, rel.B
b. =(i—2j+2k)—(-2i+3j+6k)
=3i—-5j — 4k in meters™
aBrelA =a,—a, . .
= (-i-2j+ k)=(i+j-2k)
= -2i -3j +3k in meter s”
Example 3

The position vectors of Aand B are y, =41 + 6j- 8kand y, =3i -2j + k

(a) Find the position vector of C, which divides AB in the ratio 2:-1
(b) Find the position vector X, which divides BA in the ratio 2:1
(c) Determine whether point y,y, = 6i + 22j -26k is collinear with

A and b.
Solution
V. = N7,"M7: where min = 2:1
n+m
B (4i + bj-k)+2(3i=2j +k)

-1+2
a. = 2i-10j + 10k
by ny, +my, _(3i—2j+k)+2(4i+bj—8k)
T on+m 1+2
11i + bj -15k
3

We use the condition for y, A and B mast be collinear. to be collinear
with A and B”

n(4i +6j - 8k)+m(3i - 2j + k) = (m+n)(6i+22j - 26k)4n +3m=6(m+n)—>2n+3m=0
6n+2m=22(m+n) 16n+ 24m =0
18n+m=-26(m+n)18n + 27m = 0

This gives the same relationship between M and n in the equations we
can also use

10
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Ta=Ta"7y = (4i+ 6j - 8k)—(6i + 22j - 26k)

= -2 (i +8j - 9Kk)

yB s —ry = (81 + 2j + k) —(6i + 22j -26k) Which is an indication
= -3 (i +8j - 9k)

thus 3yA = 2ybB
that y, A and B mast be collinear.

1.3.0 Scalar product of vectors

The scalar product of A and B are written A.B = AB e
n

That is if A = a1i + agj + azk and B = bii + byj + b3k
The properties of the scalar product

(a) Commutative law; A.B = B.A

ieAB=AB CcOS & =BA COS O=B.A

(b) Distributive law; A. (mB) = m (A.B) which means that

m(A .B) = mABCOS 0

A. (mB) = AmBCOS 0
A. mB) =m (A.B)

Hence A, (mB) = m.(A.B)
(c) A.(C+D)=A.CAD

We note that if

i. @ =0, the vectors A ad B have the same direction A.B = AB cos @
AB

ii. § = 7 means that A and B is directly opposite B and A.B = AB
cosrt =-AB

iii. 4 = % Means that A and B are perpendicular and A.B = ABcos6 =0

iv. i.i= j.j = k.k=1 and conversely k.i=0, j.i=k.j=0
Example 4

If forces fi = 3i + 5j + 6k and f2 =2i + 3j — 4k newtons are displaced d =
3i 02j + 4k meters find the work done

11
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Solution

Total force Ft =f; + £ = 5i + 8j + 2k work done is Ft xd=(51+8j+
2k). (3i - 2j + 4k)
=15+16+ 8 =7Nm

Example 5

The angle between A and B is Cos™1 (%) Find P given that A = 61 +
3j-2kj B=2i + pj -4k

Solution

A.B = (6i + 3j -2K). (-2i + Pj -4K)

4=-12+3p+8;4=-4+3p

P=3

1.3.1 Vector product

[ .
F— Acos 6 —]

Fig.1.5 Shows vector A and B

We can get a simple geometric interpretation of the dot product

from an inspection of Fig. 1.5.
(B cos8)a = Projection of B onto A multiplied by the magnitude of A,
(A cos 6)B =Projection A onto B multiplied by the magnitude of B.

If only the components of A and B

12
IDOSR JOURNAL OF SCIENTIFIC RESEARCH E. BOOK, 1-295, 2020.



www.idosr.org/E.BOOK Ugwu
Are known, then it would not be practical to calculate A.B for

definition (1.4). But, in this case, we calculate A.B in terms of the

components:
A.B = (Alél + Azéz + Aé3) (Blél + Bzéz + Bég), (17)

The right hand side has nine terms, all involving the producté;.é.
Fortunately, the angle between each pair of unit vectors is 90°, and

from (1.4) and (1.6) we fine that

élé = SijJ l,] = 1,2,3 (18)

Where §;; is the Kronecker delta symbol

{0, ifi #J,
]

1,ifi = . (1.9)

After we use (1.8) to simplify the resulting nine terms on the right-

side of (7), we obtain
3
A.B = AlJBl + Az,BZ + A3,B3 = ZAlBl
i=1

The law of cosines for plane triangles can be sassily proved with
the application of the scalar produce; refer to Fig 1.1 where C is the
resultant vector of A and B. taking the dot product of C with itself,

we obtain.
C’=C.C=(A+).(A+B)
=A%+ B2+ 2A.B =A%+ B% + 2Abcosé,

Which is the law of cosines

0 13
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Figure 1.6 Law of cosines

A simple application of the scalar product in physics is the work W
done by a constant force F: W = F.r where r is the displacement

vector of the object moved by F.
1.3.2 The vector (cross or outer) product

The vector product of two vectors A and B form two sides of a
parallelogram. We define C to be perpendicular to the plane of this
parallelogram with its magnitude equal to the area of the
parallelogram. And we choose the direction of ¢ along the thumb of
the right hand when the fingers rotate fromA to B (angle of rotation

less than 180°).
C=AxB=ABsinfé, (0<8<n) (1.12)

From the definition of the vector product and following the right

hand rule, we can see immediately that
AXB=—-BXA (1.13)

Hence the vector product is not commutative. If A and B are

parallel, then it follows from Eq.(1.12) that
AXB=0 (1.14a)
In particular
AxA=0 (1.14b)
In vector components, we have

AXB = (Alél + Azéz + Aé3) X (Blél + Bzéz + Bgég); (115)

IDOSI X / » 00K, 1-295, 2020.
) ‘:Bsmﬂ 2t



www.idosr.org/E.BOOK Ugwu

Figure 1.7 The right hand rule for vector product
Using the following relations
&, xé =0,i=1273,
8 X 8y = 83,8, X 63 = 61,63 X 6, = &y, (1.16q)
Eq.(1.15)becomes
AX B = (AyB3 — A3B;)é; + (A3By — A1B3)é, + (A{B, — A;B;)é;  (1.16b)

This can be written as an easily remembered determinant of third

order:
é & &
AXB = Al A2 A3 (11761)
By B, Bs

The expansion of determinant of third order can be obtained by
diagonal multiplication by repeating on the right the first two
columns of the determinant and adding the signed products of the

elements on the various diagonals in the resulting array:

by by b3|by by (1.17b)

a az; azia; ap
Ll (%] C3]C1 (%]

The non-commutatively of the vector product of two vector now
appears as a consequence of the fact that interchanging two rows
of determinant changes its sign, and the vanishing of the vector
product of two vectors in the same direction appears as a
consequence of the fact that a determinant vanishes if one of its

rows is a multiple of another.

The determinant is a basic tool used in physics and engineering.

The reader is assumed to be familiar with this subject.

15
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The vector resulting from the vector product of two vector is called
an axial vector wile ordinary vectors are sometimes called polar
vectors. Thus, in Eq.(1.11), C is a pseudo vector, while A and B are
axial vectors. One an inversion of coordinates, polar vectors change

sign but an axial vector does not change sign.

A simple application of the vector production in physics is the
torque r of a force F about a point0 : r = F x r, where r is the vector

from 0 to the intial point of the force F(Fig. 1.8).

We can write the nine equations implied by Eq (1.16) in terms of

permutation symbols & :

éi X é] = Eijk ék, (118)

Figure 1.8 the torque of a force about a point 0
Where ¢, is defined by

+1if(i,j, k) is an even permutation of(1,2,3),
&ijk 10 if (i, ], k)is an odd permutation of(1,2,3), (1.19)
0 otherwise(for example, if 2 or more indices are equal)

It follows immediately that
€ijk = Eijk = Eijk = TEjk = TEijk = Eijk -

There is a very useful identity relating the ¢;, and the Kronecker

delta symbol:

16
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3
z EmnkEijk = Smi Snj - 6m' 6m', (1.20)61
k=1
Z Emjk Enjk = 25m,z 55‘1( =6 (1.20b)
Jjk ij.k

Using permutation symbols, we can now write the vector product

AXB as

3 3 3 3
AXB:<ZAlél>X ZBjéj :ZALB](éLXé]):Z(AlBJSUk)ék
1 L]

i=1 j= ijk
Thus the kth component of A x B is
(AXB); =X, AiByjr = & (1.21)
If k = 1, we obtain the usual geometrical result:

(A X B), Zi,j &k AiB; = €12342B3 + €133 438, = Ay B3 — A3B;. (1.22)

The vector product of any two vector a and b is written as Ax B = AB

Sin e where O = angle between the vector a and B while
n

e is a unit vector perpendicular to the plane containing a and B
n

properties of vector product Bx A =-AB Sin e
143

Meaning that b x A -= (a X B) which implies that vector product is not
commutative vector product is applied in finding the arece of a
parallelogram whose sides are formed by vectors A and B. It can also
be used in finding the area of triangle which has two of its sides
formed by the vectors A and B and is given by

Area =

It is especially employed in determination of a parallelepiped and
scalar triple product which of vital use in cry stall graphic study, this
is defined by

Volume of parallelepiped = base are x height

17
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A
C
ABSin 6 h

/
v

1.3.3 The triple scalar product A.(B x ()

We now briefly discuss the scalarA. (B x €). This scalar represents

the volume of the parallelepiped formed by the conterminous sides

A, B, C, since

A.(B x C) = ABCsin6 cosa = hS =volume,

s being the area of the parallelogram with sides Band C and h the

height of parallelogram (Fig 1.9).

Now
é1 & &

A. (B X C) = (Alél + Azéz +A3é3) By B, Bj (123)
i G G

= A1(B,C5 — B3(Cy) + Ay(B3Cy — B1C3) + A3(B1C;, — ByCh)

So that

A Ay As
By B, Bs
G G G

A.(BXC) = (1.24)

The exchange of two rows (or two columns) changes the sign of the
determinant but does not change its absolute value. Using this

property, we find

18
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Ay Ay Aj ¢ G G
A(BXC): By B, B3|=-|By By Bj :C(AXB)
¢ G G Ay Ay Aj

That is, the dot and the cross may be interchanged in the triple

scalar product.

A.(BxC)=(AxB).C (1.25)

Figure 1.9. The triple scalar product of three vectors 4,B,C

In fact, as long as the three vectors appear in cyclic order, A » B -

C - A, then the dot and cross may be inserted between any pairs:
A.(BxC)=B.(AXB). (1.26)

It should be noted that the scalar resulting from the triple scalar
product changes sign on an inversion of coordinates. For this
reason, the triple scalar product is sometimes called a pseudo

scalar.
1.3.4 The triple vector product

The triple product A x (B x () is a vector, since is the vector product
of two vectors: 4 and B x C.This vector perpendicular to B x C and so
it lies in the plane Band C. If B is not parallel to C.A X (B X C) = xB +
yC. Now dot both sides with A and we obtain x(4.B) + y)A.C = 0, since
A [AX (BxC)=0.

Thus

19
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x/(A.C = —y/(A.B) = A(Aisascalar) (1.27a)

And so
AX (B xC)=xB+yC =AB(A.C) — C(A.B)].(1.27Db)

We now show that 1 = 1.To do this, let us consider the special case

when B = A Dot the last equation with C:
C x[Ax(AxC)] =A[B(A.C) — C(A.B)].(1.284a)
Or, by an interchange of dot and cross
—(A.C)? = 2[(A.C)? — A%C?].(1.28D)

In terms of the angles between the vector and their magnitudes the

last equation becomes.
—A%C?sin'0 = 1(4%C?cos%6 — A*C?) = —AAC?sin?0;
Hencel = 1.And so
Ax (BxC)=B(A.C)—C(A.B). (1.29)
If a=10i — 3j + 5k, b= 2i + bj — 3k, and c=I + 10j -2k,
verify that a.b + a.c = a. (b+c).
The position vector of a point is given by r=3t2, + eti + 2 Cos 3tk,

where t is time. Find the velocity and allele ratio vectors of the

point.

Three masses, each of 1kg, have position vectors 2i + 3j, 61 + 4j.
And 3i + 2j respectively. Find the position vector of the centre of

gravity.
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Forces f1 = 4i -6j + 5k, F2 = 03i + 2j + 3k, and F3 = 2i + 3j -6k all

act on a particle which moved from r1 =3i+ 4j+ Sktor2 =2i-3j +
4k, to r3 = I + 4j — 2k. Find the work done on the particle in moving
from r1 to r2, and from r> to r3. What is the work done in moving

from r; to r3 ? Neglect gravity forces are given in Newton, distances

in meters

Findaxb, exb and (cxa) xb if a=3i-2j + k, b=-1 +j 2k and c=2i + 2j -

4k.

Verity that a.bxc and axb .c are equal using the vectors specifically

in question (1).

(12)Show that the rectors a, b and c are coplanar, where a=3i + j -
2k, b=-5i +j-2kand c=-i-j-k
Find x if the vectors a,b and c are to be coplanar. A=3i -2j + Sk, b=2i —j
+ kand c=-x1i+ 2j - k.

A X B =AB Sin e .C,Volume of parallelepiped
n

=AXB.C=C.AXB
=BXC.A=ABXC
=CXA.B=B.CXA

We should note that in tripe product,
Ixi=jxj=kxk=0

Ixj = 0 jxi = kxj,jxk =-k x j =I

And k x1i =-ixk =

Therefore to handle this easily, the students should be familiar with
determine not. i.e
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If A =qi+ a2j+ a3k; B= bii+b2j + b3k A XB =

b.-a b |i—-j b_—-a_b k b -a_b

%273 7?9 2} J{a1 3 %3 1J+ {a1 2 %2 2}

Example 6; find the area of the parallelogram with sides A = i+2j + 3k
and B=4i + 5j + 6k

i jk

1 2 3|=

456

the area, A = |A X B| = (-3)' +(6) +(-3)’
5

Example 7; find the value v of the parallelepiped with sides A = i+2]
+3k,

B=4i+ 5j+6kand c=7i+ 8 + 10k

A x B =-3i + bj — 3k as already determined therefore the volume of the
|A.(B X C)=|(Ax B).C|

parallelepiped is given by V = = |(—3i + 6j — 3k).(7i+8j+ 10k)|
=|=21+48-30/=3

Triple product

This involves the products of three vectors

If A, B, C, are three vectors, the scalar formed by the product A. (B X
C) is called the secular triple product. If A=
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ai+a,j tak; B=bi+b j+bk

C=ci+c,j+ck, then

ijk
Bxc=|b, b, b,
c c,c,

i j k

. A(BXC)= ai+a,j+ak.|b b, b,

c, b, b,
a, a, a,
= b, b, b,
c, c, C,

ai+a,j tak; B=bi+b j+bk
C=ci+c,j+ck, then

ik
BxC=|b b, b,
c c,c,
i i ok
. A(BXC)= ai+a,j+ak.|b b, b,
c, b, b,
a, a, a,
= |b, b, b,
c, ¢, C

2 3

We not that in sealer triple products
a a, a, a a, a,
bl b2 b3 == Cl CZ CS
Cl C2 C3 bl b2 b3

A. (Bx C)==A.(CxB)

al a2 a3

B.(CxA)=|b, b, b, | = A.(BxC)

Cl C2 CS

Ugwu

This means that interchange of two rows in a determinant reverses the
sign of the product. This implies that the cyclic change of the vectors

involved make the scalar triple product unchanged. Thus

A. (B x C)=B. (C X A)=C. (A X B)
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Example 8:ifa=1+ 2j + 2k

B=2i + 2j + k; C=3i +j + 2k

1 2 2
2 -3 1]|=
3 1 -2
1(6-1)-2(-4—3)+2(2+9) = 41
3 1 -2
C.(BXA)=2 -3 1
1 2 2
A. (BXC) 3(-6-2)—1(4—1)+(~2)(4+3) =41
but if we consider C.(A XB)
3 1 -2
1 2 2 |=3(2+6)=1(1-4)-2(-3-4)
2 -3 1
=24+3+14 =41

1.4.1 COPLANAR VECTORS

Scalar triple product provides a good test for coplaznarity of vectors:
three vectors are coplanar if their triple product is zero ie if

A. (BX C) =0

We shall have to show by example as below.

Example 9

Show A =1 + j -3k: B=2i-j + 2k and C=3i + j-k are coplanar
Solution

We need just to evaluate a (B x C)

1 2 -3
A (BXC)= 2 -1 2 :1(1—2)—2(—2—6)—3(2+3)
31 -1
=-1+16-15=0
Example 10

If 2i-j + 3k; B=3i + 2j k; C=I + pj + 4k are coplanar find the values of p

Solution
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2 -13

321

A. BXC=0=]1 p 4

=2 (8-p)+1(12-1)+3(3p-2)=0

— p=3

Reciprocal vectors

This is a concept that is particularly used in crystallography. Two
sets of vectors A, B, C, and a, b, c, are called reciprocal set if

A.a=B.b=C.c=1
Anda.B=a.c=b.a=b.C=c.B=c. B=0
The reciprocal vectors of a, b A C and are given by

Ao bxc g__¢xa ~_ axb

a.(bxc)’ a.(bxc)’ _a.(bxc)

Where a.(b x ¢) = 0 meaning that reciprocal vectors exist if the
vectors a, b and c are not coplanar. Again, if the vectors, then
mutually orthogonal unit vectors, then it implies that a= a, B=b and C
=0 so that the two system of vectors are identical

Example 11

Construct the reciprocal vectors ofa=21i,b=j+kc=1+k

Solution

We evaluate first the triple scalar product a. (b x ¢)

200
011 =2(1_O)_O(O_1)+O(O_l):2Therefore the reciprocal
101
ij k
a=bxc_1lig 7 1|2 1
220, 5| 2lit-0)-j(0-1)+k(0-1)]
=—(i+j-k)
vectors 1 ijk 1
B=S2-21 01 |=5[i(0)-j(0-2)+k(0)] =
200
_— ij k 1
e :
C=="2==|200 |=— ; =J
2 2/, 5| 2[i(0)-j(2-0)+k(0)]
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1.4.2 Distance from a point to a plane using scalar product

The direction of the shortest line from a point to a plane is parallel to
the normal of the plane and this can be handled using scalar product
as we intend to show in the example

Example 12

Find the distance of the point 3i + 2j + k from the plane (p-i-j.(i-j +
k)=0

Find also the point on the plane nearest to the point 3i + 3j + k
Solution

Any point on the line through the point 3i + 3j + k with the direction of
the vector I -j + k is

3i+ 3j+k+ (I-j+ k=0 which intersects the plane when (3i + 3j + k +
A (i-j+k)-i-j). (i-j+k)=0

— (B+1)i+(3-1)j+(1+ 4 )k-i-j). (i-j+k)=0
3+1-(3-1)+i+t 1 -1+1=0
2A+1+4=0

34 +1 =0 —>/1=%

The distance of the point from the plane is

li-j+k \F 1 1 \F F 1
3 9 9 9 9 3 3
ThepointontheplaneisBi+3j+k+/”L(I—j+k)=31+3j+k—%(l—j+

k)

8. 10 . 2
=—i-——j+—=k
3 3 3

1.4.3 Shortest distance between two lines by scalar product

The line of shortest distance between two lines is perpendicular to
both of the lines
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Here we not that p2 p2 is perpendicular to both d; and d»>
Thus

p2pi1. d1 = p2 p1. d2 =0 if p1 and p2 are to be the nearest points to lines
(1) and (2)

Example 13

Two lines are given by 11 = 2i + 2j -5k + A4 (3i + 2j -4k)
Lo=3i-j+4k+4 (51-2j-4Kk)

Where 4 and A’ are variable find

1. The shortest distance between
2. The values of 4 and A’ corresponding to the points of closest
approach
3. The position vectors of the points of closest approach
Solution

d, =3i +2j -4k and da=5i-2j-4k

Where di1 and dz are vector parallel to the directions of 11 and I>. Let
d=ai + bj + ck be a vector with direction of the line.

- (d- du). (d-d2) =0 (ai + bj + ck). (3i + 2j -k)= (ai + bj + ck). (5i - 2j -4K)

3a + 2b —c =05¢c — 2b-4c =0

Solving the two equations will yield a = c and b=%

Therefore
d=2al+aé+2ak=[2i+j+2k]
|d|= V2 +1"+2° =9 =3

d 2i+j+2k
e = —= ——
© ol 2

Where d is the direction of the line of shortest distance between 1;
and 1o the position of a point on 11 relative to a point on > is

(2-1) 4 - il =0 recalling that d1d=0
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=3i+j+k4+0(51-2j-4k) =
[2i +3j - 5k]+0(3i +2j- 4k)=i—4j+9k

Ed. (Lo -L1) A - Al =0 is the shortest distance between L; and 1

2i+j+2k _2-4+9 16
3 9 3

= (i- 4j + 9K).

Vector triple product of three vectors If A, B and C are three vectors,
then Ax (B X C) and (A X B) XC are called the vector triple products
the result means that B X c is a vector perpendicular to the plane of B
and C and the vector A X (B CX C) is perpendicular to the plane
containing a and B and C If we consider a = aii + asj + azk

B= bii + baj + bz k and C=ci1i + coj + c3k

ijk

. b2 b3 . bl b3 bl b2
Then BXC=|b, b, b|=1 - +k
C2 C3 Cl C3 C1 C2
Cl C2 CS
Therefore A X (B X C)
i
a, ] k
_|b, b, a, a,
e, b, b, b, b,
c, C, c c,

=ia/(b, c,=b,c,)=j a,(b c,-cb)+k a,(b c,-b, c)
Example 15

Determine the vector triple product Ax (B X C)ifa=2i-3j + ki
B=2i+ 3j-2k,c=3i+j +4k

Solution

k
-2 |=1(12+42)-j (8+6)+k (2-6)

— W .

i
BXC=|2
3 4

28
IDOSR JOURNAL OF SCIENTIFIC RESEARCH E. BOOK, 1-295, 2020.



www.idosr.org/E.BOOK Ugwu
= 14j- 145 - 4k

1k
foraXC (BXC)= |2 -3 1 |=
14 -14 -4

i(12 + 14) - j(-8 —14) + k(-28 + 42)
Ax(BXC) =28i + 22j + 14k = 2 (14i + 11j + 7k)

There is an easier way of determining a vector triple product which
can be proved to have relationship such as

AXBXC)=(A.C)B- (A. B)C and (A X b) X C= (C. A)B-(C.B)A
We can show this and we wish to consider that

AX (BXC)= (A.C) B- (A. BIC

Let A=aii+ajtask =

(a,a,,a,)

B= bi+ b,j+bk —(b,b,,b,)

12 72273

C=ci+c,j+ck —>(c,c,c,)

From the previous example

= b1 (ac +ac,+ac,)c (ab +ab, +ab,)|i

+ [b2 (ac +ac,+ac,)—c,(ab +ab, +ab, )]J
BXC-= +[b3 (ac, +ac, +ab,)-c, (ab +ab, +ab, )]k

=(ac +ac, +ac,)(bi+b,j+bk)

—(ab, +ab,+ab,)(ci+c,j+ck)
Say equal D then AX(BXC)=AXD

=(a,d,-ad,ad —ad,ad,-a,d,)
=(a,d,—ad,)i+ (ad -ad) j+ (ad,-ad )k
=Y(a,d, -ad,)i

= Z:(a2 (be,-be)-a,(be, -be, )) i

Y [abe, —abe —abe +abe, +abe +abe] i

17171
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By adding and subtracting ab.c

17171

= [bl (ac +ac, +ac,)c (ab +ab,+ab, )]z

+ [b2 (ac +ac, +ac,)—c,(ab +ab, +ab, )] j
+ [bs (ac +ac,+ab,)-c, (ab +ab,+ab, )] k
=(ac +ac,+ac,)(bi+b,j+bk)

—(ab, +ab,+ab,)(ci+c,j+ck)

A.C)B-(A.B)C.

Example 16

Ifa=1+3j+2k;B=2i+5j-k

C=I1+2j+3k

Show that A X (B X C)= (A.C)B- (A.B)C
(AXB)XC=(C.A B-(C.B)A

A.C=1+6+6=13

(A.C) B = 26i + 65j-13k

AB =2+ 15-2=15

(A.B) C =15i + 30j + 45k

:.(A.C) B-(A.B) C = (26i + 65j - 13k) - (15i + 30j + 45k)
=11i + 35j + S8k

Now

(C.A)B=(1+ 6 +6) (2 + 5j -k) = 13 (2i+ 5j -k
(CB)A=(2+10-3) (I+3j2k)=9 (I + 3j +2k)

. (C+B)B- (C.B) A=26i+65j-13k +-(91 + 27j + 18k)
=171+ 39j + 31k

These results shows that

AXC BXC) # (AXB) XC.

1.5.1 Change of coordinate system

Vector equations are independent of the coordinate system we happen
to use. But the components of a vector quantity are different in
different coordinate systems. We now make a brief study of how to
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represent a vector in different coordinate systems. As the rectangular
Cartesian coordinate system is the basic type of coordinate system, we
shall limit our discussion to it. Consider the vector A expressed in
terms of the unit coordinate vector (é;, é;, €3).

A=A +Aye, + A &, =33 A & (1.30)

Relative to a new system (&, é,,é3) that has a different orientation from
that of the old system (é4,é;,€3), vector A is expressed as

3
A=Ae+A58, + A & = ZAl é
i=1
Note that the dot product A.é; is equal to 4;, the projection of 4 on the

direction of .é;A.é; is equal to .é;, and A..é; is equal to .é;. Thus we
may write.

é1.61)A1 + (&5.81)A; + (é5.81)A;3
é1.65)A1 + (85.85)A, + (65.65)A; (1.31)

Ay
4,
Ay = (81.85) A1 + (85.85) A, + (85.65) A3

(
(
(

The dot product (é;.é;) are the direction cosines of the axes of the new
coordinate system relative to the old system é;.é; = cos(xl-i,xj) ; they

are often called the coefficients of transformation. In matrix notation,
we can write the above system of equations as

The 3 X 3 matrix in the above equation is called the rotation (or
transformation) matrix, and is an orthogonal matrix. One advantage of
using a matrix is that successive transformations can be handled
easily by means of matrix in multiplication.

A matrix is an ordered array of scalars that obeys prescribed rules of
addition and multiplication. A particular matrix element is specified
by its row number followed by its column number. Thus a;; is the
matrix element in the ith row and jth column. Alternative ways of
representing matrix A are [a;;] or the entire array.

a1 aq QA1n

~ a a ...a

A=|"2 "z o (1.32)
am1 Am2 Amn

is matrix. A vector is represented in matrix for by writing its
components as either a row or column array.

The multiplication of a matrix and a matrix is defined only when the
number of columns of column is equal to the number of rows and is
performed in the same way as the multiplication of two determinants.
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1.5.2 The linear vector space

We have found that it is very convenient to use vector components, in
particular, the unit coordinate vector 4/~ 1,2,3). The three unite vector
"are orthogonal and normal, or, as we shall say, orthonormal. This
orthonormal property is conveniently written asEgq.(1.8). But there is
nothing special about these orthonormal unit vectors é;. If we refer the
components of the vectors to a different system of rectangular
coordinates, we need to introduce another setoff three orthonormal
unit vector fi, f,and f3:

flﬁ = 5l.j (i,j = 1,2,3). (1.33a)
For any vector A we now write
Y3 cifi,and c¢; =f.An (1.33b)

We see that we can define a large number of different coordinate
systems. But the physically significant quantities are the vectors
themselves and certain functions of these, which are independent of
the coordinate system used. The orthonormal condition is convenient
is practice. If we also admit oblique Cartesian coordinates then the f;
need neither be normal nor orthogonal; they could be any three non-
coplanar vectors, and any vector Acan still be written as a linear
superposition of the f.

A=Ciﬁ',+C2f2+C3f3 (134)

Starting with the vector f;, we can find linear combinations of them by
the algebraic operations of vector addition and multiplication of
vectors by scalars, and then the collection of all such vector makes up
the three-dimensional linear space often called V;(Vof vector)or R3(Rfor
real) or E;(Efor Euclidean). The vector fi,f;, f; are called the base
vectors or bases of the vector spacel;. Any set of vectors, such as the
fi, which can serve as the bases or base vector of V5 is called complete,
and we say it spans the linear vector space. The base vector are also
linearly independent because no relation of form

Ciﬁ,+C2f2+C3f3 =0 (135)
Exists between them, unless ¢; = ¢; = ¢c3 = 0.

The notion of a vector space is much more general than the real vector
space V3. Extending the concept of V3, it is convenient to call an
ordered set of n matrices, or functions, or ‘vector’ (or an n —vector) in
n —dimensioal space V,;, Chapter 5 well provide justification for doing
this. Taking cue from V3, vector addition in V, is defined to be to be

ey X)) + e ) = (g + 1,0, %0 + V) (1.36)
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And multiplication by scalars is defined by

a(xy, -, x,) = (axy, -, ax,) (1.37)

Where a is real. With these two algebraic operations of vector addition
and multiplication by scalars, we call V, a vector space. In addition to
this algebraic structure, V,, has geometric structure derived from the
length defined to be

1
n /2

Y| = x4 22 (1.38)

The dot product of two n —vectors can be defined by

n

(xlrﬂxn)(yllﬂyn) :Zx]y] (139)

j-1

In V,, vectors are not directed line segments as in V3; they may be an
ordered set of n operators, matrices, or functions. We do not want to
become sidetracked from our main goal of this chapter, so we end out
discussion of vector space here.

1.5.3 Vector differentiation

Up to this point we have been concerned mainly with vector algebra. A
vector may be a function of one or more scalars and vectors. We have
encountered, for example, many important vectors in mechanics that
are functions of time and position variables. We now turn to the study
of the calculus of vectors.

Physicists like the concept of field and use it to represent a physical
quantity that is a function of position in a given region. Temperature
is a scalar field, because its value depends upon location: to each
point (x,y,z) is associated a temperatureT(x,y,z). The function
T(x,y,z) is a scalar field, whose value is a real number depending only
on the point in space but not on the particular choice of the
coordinate system. A vector field, on the other hand, associates with
each point a vector (that is, we associate three numbers at each
point), such as the wind velocity or the strength of the electric or
magnetic field. When described in a rotated system, for example, the
three components of the vector associate with one and the same point
will change in numerical value. Physically and geometrically important
concepts in connection with scalar and vector fields are the gradient,
divergence, curl, and the corresponding integral theorems.

The basic concepts of calculus, such as continuity and
differentiability, can be naturally extended to vector -calculus.
Consider a vector,A whose components are function of a single
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variable u. If the vector Arepresents position or velocity, for example,
then the parameter u is usually time ¢, but is can be any quantity that
determines the components of A. If we introduce a Cartesian
coordinate system, the vector function A(u) may be written as

A(u)is said to be continuous at u=uy if it is defined in some
neighborhood of uy and

nh—gl A(u) = A(ug) (1.41)

Note that A(u)

Is continuous at u, if and only if its three components are continuous
at ug.

A(u)is said to be differentiable at a point u if the limit

dA(u) o A(u+Au) — A(u)
— lim
du Au—0 Au

(1.42)

Exists. The vector A'(u) = dA(u)/du is called the derivative of A(u); and
to differentiate a vector function we differentiation each component
separately:

Note that the unit coordinate vectors are fixed in space. Higher
derivatives of A(u) can be similarly defined.

If Ais a vector depending on more than one scalar variable, say
u, v for example, we writed = A(u,v). Then

dA = (0A/0u)du + (0A/dv)dv (1.44)
Is the differential of A and

0A - A(u+ Au,v) — A(w,v)
— — lim
Ju Au-0 ou

(1.45)

And similarly for Z—j

Derivatives of products obey rules similar to those for scalar
functions. However, when cross products are involved the order may
be important. This can be elucidated by the concept of unit tangent
vectors
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1.5.4 Unit tangent vectors

° 7 (t)

Fig,1.10 unit tangent

Form this diagram it is seen that if QP moves tol at P where t

becomes t + At, then as At, > O,
The direction of the chord PQ becomes the tangent to the curve at p.

Q this means that the direction of % is along the tangent to the locus

P therefore the direction of the vector denoting % r(t) is parallel to
the tangent to the curve at P;

Then the unit tangent vector 1L at P can be obtain from
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dir(t)] dr
dt _ dt
‘d[r(t)]‘ dr
dt dt
Example 4

Obtain the unit tangent vector at the point (0, 3,5) for the curve with

parametric equation x=2t; y=¢t"+3,z=2t"+5
Solution

We see that the point (0,3,5) corresponds to t=o,

~r=ai+aj+ak=2ti+ (t°+3)j + (2" +5)k

ar _oi + ot + 4tk
dt

dr =21
dt|.,
dy ;
hence |——| = \E: 2
dt
d .
oy ldr 2t
dt’ dt 2
Example 5

Determine the unit tangent vector for the curve atthe point [6, 8, 10]

x=3ty=t,z=2t"+2t
y=3ti+t’j + (2 +2t)k
y'=3i+ 3t +(4t +2)k
7'/ .;=3i+12j + 10k
¥'|=(9+144 +100)* =253
7// 1 : :
1=7r= (3 + 125 + IOk)

s
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If a vector R is a function of two independent variable u and d v, then

the rules of differentiation in relation to the partial differentiation

follow the normal pattern.

If for instance ¢ R=xi +yj+ #k, then x, y, # will also be

a_R = a_xl —+ a_y] + a_ZK
ou ou oJu ou
0 _.0'X N o’y .0’z
ou’ ou* ou’” ou’
functions of U and V than oR _ 8—xi + 6—yj+6—zk
ov. oV oV oV
dR:6xi+8yj+6zk
ov: ov* ov? ov?
0°x o’x . 0Oy . 0Oz
= i+ J+
ouov oOudv  Oudv ouov

Example 6

IfR=2uvi + (U +20°) j+ (u+2zv’)k,obtain the second order

derivative.

Solution

OR . 2\ 2

az4uvz + (U +2V?)j+ (1+2V°)k

OR a: \ . .

6_V=ZL”+R=2uvl+ (0’ +4V)j+ (u+4V)k

R . . . .
=4ui+R=2uvi + (2u+2V)j+ (i+4V)k.

ouoV

This is so straight forward. One can even continue on to higher order

partial derivative
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1.6.1 Vector integration

The process involved in integration is the reverse of that for
differentiation. The integration procedure is the same with that of

scalar integration. If for instance a vector R = xi + yj + zk where

R, x,y, z are expressed as function of U, then

b b b
[ Rdu =i xdu+ jk [ du
a a a
(1.46)
Example 7

Find the integral of the vectors function find as

R=(2t" + 4t)i+(3t"-5) j+4t’k for 1 to 3

Solution
3 3 3 3
[ Rat=i[ (2t + 4t) dt+ [ (3t -5)dt+k [ 4¢’dt
1 1 1 1
. 2 3 2 - (43 4 ’
{z(gt +2t j+_](t —5t)+k(t )}
100

Example 8

R=4ui + 2u’j +(u’ +2)k and
B= 2ui - 4uj+(u-3)k

If

38
IDOSR JOURNAL OF SCIENTIFIC RESEARCH E. BOOK, 1-295, 2020.



www.idosr.org/E.BOOK Ugwu

} (RxB)du
0

Evaluate

Solution
We first determine RXB in terms of U

i j K
RXB=|4u 2u’u’+2
2u -4u u-3
=i(2u’ -6u’ +4u’8u) - j(4u’ —12u—2u’ +4u)+ K (-16u’ + 4u’)
=(-6u’ -6’ +8u)i- j(-2u’ +4u’ —8u)- K (4u’ +16u’)

1 1 1 1
I(R)(B)du:ij (6u’ —6u’ +8u)du—jj (—2u3+4u2—8u)du—k_[ (4w’ +16u’)du
0 0 0 0

1
=[i(3/2u" -3u’ +4u’)], J —j(—%4u" +%u3 —4u2j

0
:i(3—2+4)—j[—l+i—4j—K(l+Ej
2 3 3
=5 i_Ej_B
127 3

Note that if the integration involves triple vector product say AX (BXC),

it will be easier for the reader to use the relation
AX (BXC)=(A.C) B- (A.B) C

And now integrate as show below.
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b b b
| Ax (BXC)dt=[(A.C)Bdt- [(A.B) Cadt.
a a a
b
r=[[(A.C)-(A.B)C] dt.
a

1.6. 2 Grad div and curl

In physics, field is explained as a region within which some physical
agency act or experienced such as magnetic force, electric force,

temperature, potential density.
Among these, some are vectors while some are scalars.

The point say (x, y,z) in a region of a vector field may be associated to

the vector function F (x, y, z) similarly point P (x, y,z) in a region of

scalar field may be associated to scalar function ¢ (x,y.2)

If a scalar function ¢ (x, y. z) is differentiable with respect to its

variables (x, y. #) throughout the region, then the gradient of ¢ is

simply written as grad ¢ and defined as

grad ¢ :%i+ %j+ %K
ox oy 0z (1.47)

While ¢ is a scalar function, grad ¢ is a vector function.
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2,23

0 (2x°y’z’ )+ jai(Qx y’z’)Is a differential operator, V call ‘del’i.eV

ox

=1 —¢+j%+K%
X “dy al

Example 8

If @ = 2x’y’z’ and depends upon the position p

. 0 s o 3 . 0 2,33 0 22,3
Grad o - za(Qxyz)+]@(2xyz)+Kéz[2xyz

V¢ = grad ¢=4xy’z’i + 4x’yz’j + 6X’y’Z’k.

Divergence of a vector A is a written as div A,

Therefore, if a,i+a jak
andV:ig+ ji+k2 then
ox "oy oz

divA=V.A= i3+j3+k§ (ai+a,j+ak)
ox "oy oz Y

da, 0a, oa

X Z

x oy o1

Example 12

If A=xyi+x"z%j+y’z°k

_ .[oa, Oa .(aaX aazj da, oa,
Div=i| —2——2 [+ j| =2 ——2 |[+k| =L ——=
oy oz oz 0oX ox oy

= 2Xy + X2° +2y°z
Curl of a vector function, (curl)

Curl means VX which gives and vector result. For instance if A=a,i +a, j +a,k

Then curl A=V x A

.0 .0 0 . :
=l1—+]—+k— [x(ai+a, j+ak
(ax iy azjx( J+a j+ak)
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ijk
|0 o0 0
Clx oy oz
a, a g

aa oa
S VxA=i o, % j[@ o, j+k By %y
ay 0z ox oz ox oy

(0a, Oa, .[aa oa, ] da, oa,
=i —2——L |+ j| = +k| =L -——=
oy oz oz oX X oy

Then procedure here involves determinant method that common in matrices problem.

Example 9

Find CurlAat the point (1,0-3) given that

A=2e¥ yi+2x2% cos yj + (X* + 2y)K

i J k
9 o 9
OX oy oz

26V 2xz2cosy X2 +2y

.0, 5 0 ) .0, 5 0 ,_ 2y 0 2 0, ey
|[5(x y)—a(ZXZ cosy)]—J[&(x +2y)—§(ze )]+k[ax(2XZ cosy) a(zx e* ]

=i(2—4xzcosy) — j2x—eY) +k(2z cos y — ze*”)
Is Curl A

At the point (1, 0,-3)

Curl A=VxA=14i— j+21k

Here we summarize in this case a situation where are multiple functions such Curl A grad¢

where ¢ is a scalar function;

2,000,

d_
Brede= o oy 1T
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i j k
curlgradg = o 9 29 :i[az¢ - 62¢]-j[82¢ - 62¢]+k[az_¢_52_¢]
ox oy oz oyoz oLoy OXOZ 010X OX0Z  0Z0OX

o9 o 09

oXx oy oz

Curl gradd= VX[V @] =0
1.6.3 Space curves

As an application of vector differentiation, let use consider some basic
facts about curves in space. If A(u) is the position vector r(u) joining
the origin of a coordinate system and any point P(xy, x,,x3) in space as
shown in Fig 1.10, then we have

r(u) = x;(w)eé; + x,(w)éy+x5(u)és (1.48)

As u changes, the terminal point P or r describes a curve C in space.
Eq. (1.35) is called a parametric representation of then curve C, and u
is the parameter of this representation.

Then z

Ar (_ r(u + Au) — r(r))

Aul\ Au

Figure 1.11 parametric representation of a curve

Is a vector in the direction of Ar, and its limit (if it exists) dr/du is a
vector in the direction of the tangent to the curve at (xq,x3,x3). If u is

the are length s measured from some fixed point on the curve C, then

Z—Z= T is a unit tangent vector to the curveC. The rate at which T

changes with respect to s is a measure of the curvature of C and is
given by dT/ds at any given point on C is normal to the curve at that
point T.T = 1,d(T.T)/ds = 0, from this we get T.T/ds =0, so they are
normal to each other. If N is a unity vector in this normal direction
(called the principle normal to the curve), then 3—: = kN, called then

radius of curvature. In physics, we often study the motion of particles
along curves, so the above results may be of value.
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In mechanics, the parameter u is time t, then Z—: = v is the velocity of

the particle which is tangent to the curve at the specific point. Now we
can write

dr _ drds N
Tda  dsdt vT (1.49)

Where vthe magnitude is called the speed. Similarly, a = dv/dt is the
acceleration of the particle.

1.6.4 Motion in a plane

Consider a particle P moving in aplane along a curve C (Fig.1.12).
nowré,, where é, is a unit vector in the direction of r. Hence
dr dr N dé,
=—=—¢.+7r
at dt " dt

é

Figure 1.12 Motion in a plane

Now dé,/dt is perpendicular to é,. Also | dé,|dt| = df/dt; we can easily
verify this by differentiating é, = cos6é; + sin6é,. Hence.

dr dr P do .
== +rd éy. (1.50_

éy.is a unit vector perpendicular to é,.

Differentiating again we obtain

dv d*r dr dé aze ae
CCaTw T aaet w et
_erA ,ardo. d%0, (dH)ZA (__dér_ d9A>
St i A T g ac) "\ Tar T T ac®
Thus
_ [ar a0\?] ., , 1d [ 2do\ 4
“‘[dt—z—’"(a) ]‘”:E(’” 0o (1.51)
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1.6.5 A vector treatment of classical orbit theory

To illustrate the power and use of vector methods, we now employ
them to work out the Keplerian orbits. We first prove Kepler’s second
law which can be stated as: angular momentum is constant in a
central force field. A central force is a force whose line of action passes
through a single point or center and whose magnitude depends only
on the distance from the center. Gravity and electrostatic forces are
central forces. A general discussion on central force can be found in,
for example, Chapter 6 of classical mechanics, Tai L. Chow, John
Wiley, New York, 1995.

Differentiating the angular momentum L =r X P with respect to time,
we obtain.

dL dr dp
The first vector product vanishes because P = mdr/dt so dr/dr and P
are parallel. The second vector product is simply r X F by newton’s
second law, and hence vanishes for all forces directed along the
position vector,r that is, for all central forces. Thus the angular
momentum L is a constant vector in central force motion. This implies
that the position vector r, and therefore the entire orbit, lies in fixed
plane in three-dimensional space. This result is essentially Kepler’s
second law, which is often stated in terms of the conservation of area
velocity, |L|/2m.

We now consider the inverse-square central force of gravitational and
electrostatics. Newton’s second law then gives

mdv ky
o (r—z)" (1.53)

Where i = r/r is a unit vector in the r —directon, and k = Gm;m, for
the gravitational force, and k = q;q, for the electrostatic force in egs
units. First we note that

dr dr rdn
U—E—%ﬁ'x. (154)
Then L becomes
L=7rx(mv) =mr %[Ax(di/dt)] (1.55)

Now consider

d dv k k dn

— D=—xL=——({AXL)=——|n Z(A —)]

dt(vx ) dtx mrz(nx ) mrz[nxmr nxdt

— (i—?.ﬁ) _ (%) (7. )]
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dn

Since 7.1 = 1, it follows by differentiation the 7. o= = 0. Thus we obtain
kdﬁ
—(WwXL)=
(v )=
Integration gives
vXL=kii4+C (1.56)

Where C is a constant vector? It lies along, and fixes the position of,
the major axis of the orbit as we shall see after we complete the
derivation of the orbit. To find the orbit, we form the scalar quantity

> =L(r xmv) =mr.(vx L) =mr(k + C cosb), (1.57)

Where 6 is the angle measured fron C (which we may take to be the
x —axis)tor. Solving for r, we obtain

. P/km A
" 14+ C/(kcos®) 1+ ¢&cos6

(1.58)

Eq. (1.40) is a conic section with one focus at the origin, where ¢
represents the eccentricity of the conic section; depending on its
values, the conic section may be a circle, a ellipse, as parabola, or a
hyperbola. The eccentricity can be easily determined in terms of the
constants of motion:

—C—l( X L) — kil
e—k—k|v |

[lv x L|? + k% — 2ki. (v x L)] /2

wl»—\

Now |v X L|? = v?L? because v is perpendicular to L. Using Eq (1.58),
we obtain

1 1 1
o e 2K e L2 (1 , k> 2 | 2VE /2
e mr B mkz\2™Y Ty B mk?

Eis the constant energy of the system.
1.6.6 Vector differentiation of a scalar field and the gradient

Given a scalar field in certain region of space given by a scalar
function @(xq,x,,x3) that is defined and differentiable at each point
with respect to the position coordinates(x;, x,x3), the total differential
corresponding to an infinitesimal change dr = (dx, dx,, dx3) is

d(Z)—a@d +a®d +a®d 1.59
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We can express d@ as a scalar product of two vector s:

o0} o]0} ol
do = a—x1dx1 + a—xzdxz + a_xgdxis = (A(D)-dr’ (1.60)

Where

9. a0 a0
A(Z) = ax1 é1 + axz (=5} + aX3 €3 (161)

Is a vector field (or a vector point function).by this we mean to each
point r = @(xq, x,,x3) in space we associate a vector AQ as specified by
its three components (00/0x;,00/0x,,30/0x;): AQ is called the gradient
of @ and is often written as gradg.

There is a simple geometric interpretation of A@. Note that
@(xq,x,,x3) = ¢,c being a constant, represents a surface. Let r = x;é; +
X,€, + x3é3be the position vector to a point P(xq, x;, x3) on the surface. If
we move along the surface to a nearby point Q(r +dr), then dr =
dxié; + xd,é, + dx;éslies in the tangent plane to the surface at P. But
as long as we move along the surface @ has a constant value and d@ =
0. Consequently from (1.41),

dr.Vg =0 (1.62)
x AV
! g
L Pi——jz.f) //

Figure 1.13 gradient of a scalar

Eq. (1.44) states that V@ is perpendicular to dr and therefore to the
surface (Fig. 1.12). let us return to

V0 = (V0).dr. (1.63)

The vector V@ is fixed at any point P, so that d@ will be a maximum
when dr is parallel to V@, since dr.VQ = |dr||V@|cosf,andcosf is a
maximum for 6 = 0. Thus V@ is in the direction of maximum increase
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of @(xq,x,,x3). The component ofV@.#i and is called the directional
derivative of @ in the direction #i. physically,

this is the rate of change of @ at (x, x, x3) in the direction 1.
1.6.7 Conservative vector field

By definition, a vector field is said to be conservative if the line integral
of the vector along any closed path vanishes. Thus, if F is a
conservative vector field (say, a conservative force field in mechanics),
then

ygF.ds =0 (1.64)

dsis an clement of the path. A necessary and sufficient condition for
the force, F to be a conservative force is that F can be expressed as the
gradient of a scalar, say @: F = —grad®:

[P F.ds =~ [ gradp.ds = - [* do = 9(a) - 0(b): (165)

It is obvious that the line integral depends solely on the value of the
scalar @ at the initial and final points, and § F.ds = — § grad®.ds = 0.

1.6.8 The vector differential operatorV

We denoted the operation that changes a scalar field to a vector field
in Eq. (1.43) by the symbol V (del or nabla):

e 0, 0 0
_axlel axZez

és, (1.66)

Which is called a gradient operator? We often write V@ as grad®, and
the vector field V@(r) is called the gradient of the scalar field@(r).
Notice that the operator V contains both partial differential operators
and a direction: it is a vector differential operator. This important
operator possesses properties analogous to those of ordinary vectors.
It will help us in the future to keep in mind that V acts both as a
differential operator and as a vector.

1.6.9 Vector differentiation of a vector field

Vector differential operations on vector fields are more complicated
because of the vector nature of both the operator and the field on
which it operates. As we know as in the previous treatment of
mathematical implication of vectors, there are two types of products
involving two vectors, namely the scalar and vector products; vector
differential operations on vector fields can also be separated into two
types called the curl and the divergence.
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1.6.10 The divergence of a vector

IfV(xq,x3,x3) =V1é 1+V,8, + V3é5. Is a differentiable vector field (that is,
it is defined and differentiable at each point(x;,x;,x3). In a certain
region of space, the divergence of V, written V.V or div V, is defined by
the scalar product

o 8 _\, . N
v.V= (6x1 et axz 2+ aX3 6’3) ' (V1€ 1+V2€2 * V3e3)
av, aVv, aV.
_oNh 9V 0% (1.67)

6x1 axz aX3’

The result is a scalar field. Note the analogy with A.B = A1B; + A;B; +
A3Bs3, but also note that V.V # V.V(bear in mind that V is an
operator).V.Vis a scalar differential operator:

a a a
VY= Vit Vo= + Vs (1.68)

What is the physical significance of the divergence? Or why do we call
the scalar product V.V the divergence of V'? To answer these questions,
we consider, as an example, the steady motion of a fluid of density
p(xq,x2,x3), and the velocity fieldisgiven byv(xq, x;,x3) = v1(xq, x2, x3)e; +
vy (%1, X2, x3) €5 + v3(x1, X2, x3)e3. We now concentrate on the flow passing
through a small parallelepiped ABCDEFGH of dimensions dx;dx,dx3
(Fig. 1.12). The x;andxzcomponents of the velocity v contribute
nothing to the flow through the faceABCD. The mass of fluid entering
ABCD per unit time is given by pv,dx;dx; and the amount leaving face
EFGH per unit time is

[pvz + "’(a”—:fdxz] dox, dx; (1.69)
So the loss of mass per unit time is [d(pv,)|0x;]dx;dx,dx;.adding the

net rate of flow out all three pairs of surfaces of our parallelepiped, the
total mass loss per unit time is

a ) a
[_6x (pvy) + Fy (pvy) + Py (Pva)] dxydx,dx; = (pv)dx;dx,dx; (1.70)
1 X2 X3

So the mass loss per unit time per unit volume isV. (pv). Hence the
name divergence.

The divergence of any vector V is defined asV.V. We now calculate
V.(fV), wherr f is a scalar:

d d d
V.(fV) =6_9c1(fv1)+6_)c2(fv2)+6_xz(fv3)
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avy, aV, adl; af af af)
Vi—/—+V,—+ V3 —
(0361 + axZ + aX3) + ( 1 axl + 2 axZ 3 aX3

V.(fV) = fV.V + V.Vf (1.71)

It is easy to remember this result if we remember that V acts both as a
differential operator and a vector, thus, when operating on fV, we first
keep f fixed and let V

Figure 1.14 Steady flow of a fluid.

Operate on V, and then we keep V fixed and let V operate on f(V.f is
nonsense),

And as Vf and V are vectors we complete their multiplication by
taking their dot product.

A vector V is said to be solenoidal if its divergence is zero:
V.V=0

1.6.11 The operator V2, the Laplacian

The divergence of a vector field is defined by the scalar product of the
operator V with the vector field. What is the scalar product of V with
itself?

0 2 . 0 . . .
Vi=V.V= (ax1 él + axz e, + aX'3 83) . (V161+V2€2 + V3€3)
9?2 92 92

=—+-—+-—
dx?  9xZ  Ox3
This important quantity

92 92 Gk

2
+—+—,
Ox? = 9x3  0x3

(1.72)
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Is a scalar differential operator which is called the Laplician, after a
French mathematician of the eighteenth century named Laplace?
Now, what is the divergence of a gradient?

Since the Laplacian is a scalar differential operator, it does not change
the vector character of the field on which it operates. Thus V2@(r) is a
scalar field if @(r) is a scalar field, and V?[V@(r)] is a vector field
because the gradient V@(r) is a vector field.

The equation V2@ = 0 is called Laplace’s equation.
1.6.12 The Curl of Vector

If V(xq1,x5,x3) is a differentiable vector field, then the curl or rotation of
V, written VX V (or curl V or tot V), is defined by the vector product

an

& & &

lV=VxV g g
r =
cu axl 0x2 0x3
v, Vv, Vs
1 axz 0x3 2 aX3 axl 3 0x1 axz
, WV
= z gijk e1 _ (173)
i,jk ax]

The result is a vector field. In the expansion of the determinant the
operators d/dx; must precedeV;;},; i stands for},; Y, »;: and g, are the
permutation symbol: an even permutation of ijk will not change the
value of the resulting permutation symbol, but an odd permutation
gives an opposite sign. That is,

Eijk = Ejk = Ejk = €k = —Ejr = —Ep,and
g, = 0if two or more indices are equal.

A vector V is said to be irrational if its curl is zero:Vx V(r) = 0. From
this definition we see that the gradient of any scalar field @(r) is
irrigational. The proof is simple:

ér & &

d d d
VX (VQ) =[0x; 0x; 0x3|@0(x1,x5,%x3) =0 (1.74)
d d d

0x; 0xp, 0x3

becausethere are two identical rows in the determinant. Or, in terms
of the permutation symbols, we can write V X (V@) as
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Jd 0
Vx(VQ) = Z Eijk €1 EE D(x1, X2, X3).
ijk J

Now ¢, is ant symmetric in j, k, but 92 /0%; 0x;,

Is symmetric, hence each term in the sum is always cancelled by
another term:

s a 0 e a 0
ijk Oxj Oxy, ijk Oxj 0x;

=0, (1.79)
And consequently

V x (V@) =0.

Thus, for a conservative vector field F, we have

curlF = curl (grad®) = 0.

We learned above that a vector V is solenoid (or divergence-free)
if its divergence is zero. From this we see that the curl of any vector
field V(r) must be solenoid:

V.(VXV)=Zaixi(V><V)i=Zaixi ;eﬁka%vk —0, (1.76)
Because ¢, is anti symmetric in i, j.
If @(r) is a scalar field and V(r) is a vector field, then
VX (@V)=0(VxV)+ (VD) X V. (1.77)
We first write

n

e & &

Vx(@V) = g g
- 6x1 axz aX3 '
oV, @V, @V
=2 (V) =022+ 2Ly, (1.78a)
0x1 0x1 0x1

So we can expand the determinant in the above equation as a sum of
two determinants:
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é1 & & é, & &
oxono |l 2 2l 2 9 o
B axl axz aX3 ax1 axz ax3
vi v, vl olv, v v
=@0(VxV)+ (VD) x V. (1.78b)

Alternatively, we can simplify the proof with the help of the
permutation symbolse;,

0
VX @) = ) by (OV)
~ X1
i),k
v, 30
= @z Eijk €1 —ax1 + Z Eijk €1 a—ijk
i,jk ij,k

=@0(VxV)+(VQ)x V. (1.79)

A vector field that has non-vanishing curl is called a vortex field, and

the curl of the field vector is a measure of the vortices of the vector
field.

The physical significance of the curl of a vector is not quite as
transparent as that of the divergence. The following example from
fluid flow will help us to develop a better feeling. Fig 1.15 shows that
as the component v, of the velocity v of the fluid increases with x3, the
fluid curls about the x;-axis in a negative sense (rule of the right-hand
screw), where 0v,/dvs is considered positive. Similarly, a positive
curling about the x; —axis would result from v;if dv3/0dv, we positive.
Therefore, the total x; component of the curl of v is

[curlv]; = dv3/(0v, —

avz/aX3 x3 (180)
1 Vo =2 jix,
Which ; © %2 7 is the same as the x4
i e component of Eq.
(1.77). 1 g
-
4

Figure 1.15 Curl of a fluid flow
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1.6.13 Formulas involving V

We now list some important formulas involving the vector differential
operator V, some of which are recapitulation. In these formulas, A and
B are differentiable vector field functions, and f and g are
differentiable scalar field functions of position (xq, x;, x3):

1. V(fg) =fVg +gVf;

2. V.(fA) = fV.A+ Vf.A;

3. VX(fHA=fVXA+Vf XA4

4. Vx (V) =0;

5. V.(VxA)=0;

6. V.(AxB)=(VxA).B—(VXB) X A4;

7. VX(AXB)=(B.V)A—B(V.A) +A(V.B) — (A.V)B
8. VX (VxA)=V(V.A)—V?%4;

9. V(AB)=Ax(VXxB)+B(VxA)+(A.V)B+ (B.V)A;
10. (A.V)r = 4;

11. V.r =3;

12. VX1 = 0;

13. V.(r3r) = 0;
14. dF = (dr.VF + Z—fdt (F a differentiable vector field quantity);

15. dp = dr.Vo + Z—fdt (pa differentiable scalar field quantity).

1.6.14 Orthogonal curvilinear coordinates

Up to this point all calculations have been performed in rectangular
Cartesian coordinates. May calculations in physics can be greatly
simplified by using instead of the familiar rectangular Cartesian
coordinate system, another kind of system which takes advantage of
the relations of symmetry involved in the particular problem under
consideration. For example, if we are dealing with sphere, we will find
it expedient to describe the position of a point in sphere by the
spherical coordinate(r, 8, ). Spherical coordinates are a special case of
the orthogonal curvilinear coordinate system in order to obtain
expressions for the gradient, divergence, curl, and Laplacian. Let the
new coordinates uq,u,,u3 be defined by specifying the Cartesian
coordinates (xq, xy,x3) as functions of (uq,u,, uz):

X1 = f(ulluzl u3)l Xy = g(uliuZ'u3)1x3 = h(ulruZ'u3)J (181)

Where f, g, h are assumed to be continuous, differentiable. A point
P(Fig.1.16) in space can then be defined not only by the rectangular
coordinates (x1,x;, x3) but also by curvilinear coordinates (uq, uy, u3).

If u, and u3 are constant as u; varies, P(orits position vector r)
describes a curve which we call the u; coordinate curve. Similarly, we
can define the u, anduz coordinate curves through P. We adopt the
convention that the new coordinate system is a right handed system,
like the old one. In the new system dr takes the form:
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ar ar ar
dr—mdul +Edu2 +adu3 (1.82)

The vector dr/du, is tangent to the u; coordinate curve at P. If @i; is a
unit vector at P in this direction, theu,; = dr/du,|dr/du,|, so we can
write dr/du; = h;liywhere h; = |0r/duy| . Similarly we can write dr/du, =
hzazand ar/au:g = h3ﬁ3, where hz = |0T/au2| and h3 = |0r/0u3|,
respectivel*&r. Then dr can be written

dr = hldulﬁl + hszzﬁz + h3dU3ﬁ3 (183)

ug Curve
u, Curve
us ~

uz

oy
uy Curve

X2

Fig "1.16 Curvilinear Coordinates

Questions

1. What are the direction cosines of a = 12i + 3j — 4k?

2. find the expressions for the angles between a, b, and c where a
=3i + 4j + 5k, b=2i-j + 2k, and c=-i+2j-3k

3. Show that p and q are perpendicular where p=3i — 4j + Sk and
q=-2i +j 2k.

4. Find the component of the force -3i + 6j + 2k in the direction of
the vector -4i + 4j + 7k.

5. If a = 3i - 2j- 4k and b=I +2j — 2k, find a, b and expression for
the angle between a and b. if c= 2i -j + k, find c.a and b.c

6. If a=10i — 3j + 3k, b= 2i + bj — 3k, and c=1 + 10j -2k, verify that

a.b + a.c = a. (b+c).
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7. The position vector of a point is given by r=3t2, + eti + 2 Cos

3tk, where t is time. Find the velocity and allele ratio vectors of
the point.

8. Three masses, each of 1kg, have position vectors 2i + 3j, 6i + 4;j.
And 3i + 2j respectively. Find the position vector of the centre of
gravity.

9. Forces f1 = 4i -6j + 5k, F2 = 03i + 2j + 3k, and F3 = 2i + 3j -6k
all act on a particle which moved from r1 = 3i + 4j + Sk torz2 = 2i
- 3j + 4k, to r3 =1 + 4j — 2k. Find the work done on the particle
in moving from r; to ro, and from r2 to r3. what is the work done
in moving from r: to r3 ? Neglect gravity forces are given in

newtons, distances in meters

10. findaxb, exb and (cxa) xb if a=3i-2j + k, b=-I +j 2k and
c=2i + 2j -4k.
11. Verity that a ,bxc and axb .c are equal using the vectors

specifically in question (1). (12) show that the rectors a, b and c
are coplanar, where a=3i + j -2k, b=-5i +j-2kand c=-i-j -k
12. Find x if the vectors a,b and c are to be coplanar. A=3i -2j

+ 5k, b=2i —-j + k and c=-x1i+ 2j - k.

56
IDOSR JOURNAL OF SCIENTIFIC RESEARCH E. BOOK, 1-295, 2020.



www.idosr.org/E.BOOK Ugwu

CHAPTER 2
2.1.0 Matrix Algebra and Element of Tensors

This section we study the basic algebra and manipulations of matrices
and tensors as an example of operators on vector space since vectors
can be described in term of their components with respect to the
basis. These components may be displayed as an array of numbers
called Matrix. The matrix maybe defined as array of scalar real or
complex numbers. It is denoted by capital letter.

Example of matrices A, B, C can be written as

1 0 2 1 -2
3 3 31, B=|2-1

—2-2—4 —30

A=

32

C=1[124], C=[_34

These numbers inside the bracket are called Matrix element. We note
also that the element may contain complex number as given below

1 -2t 1 4

2i 2 t—1 101
2+3i—-t+1 4 6

-3 =3t 0 1+2t

E =

A matrix having m row and n column is said to have order m X n. For
instant the order of the matrices in examples above are

A:3X3, B:3X2, C(C:1X3
D: 2X2 and E: 4X4

This implies that a column vector is a matrix having only one column
while a row vector is a matrix with only one row.

A matrix with the same number m of column as row is called a square
matrix of order m.

Example

A=1|-304

2 4-1

—253]

is a square matrix of order 3.

Each scalar in a matrix is called an element of the matrix. The

element of a matrix A is i® row and J** column is denoted by aij
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A matrix may be symmetric or anti-symmetric. It is said to be
symmetric if

aji = aij Vi # j(2.1)
but anti-symmetric if
aji = —aij Vi # j(2.2)

Examples are:

1 -14 1 2-3
(@i A= —120](b) B = —2—10]
4 03 0 0-2

A is symmetric while B is anti-symmetric.
Definition,

A matrix A is said to be diagonal if

aji =0 Vi # j(2.3)

Such

A=

10 0
0-10
00-1

2.1.1 Matrix Operation

Normal mathematical algebraic operations can be carried on matrix
such as addition, subtraction and multiplication.

Addition and Subtraction

If A and B of the same order mXn, then the matrix C of order mXn
defined by

Cij = aij + bij Vi #i,j(2.4)

is known as the sum or addition of matrix A and B denoted by A + B

Example
24-14 04 63
A=|-7183 B =127-15
5201 42—-31

We note that operation of addition of matrices is commutative. That
has the following properties

A+B=B+A4 (2.5)
(A+B)+C=A4+(B+0).
(2.6)
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In the case of subtraction, if A and B are matrices of the same order
mxn, the matrix C of order mxn defined by

Cij = aij — bij Vij(2.7)
which is called the difference of A and B is denoted by A-B=C

Example

2 4-14
—-7183 27-15
5201 42-31

2 8-73
C=]-5-69 -2

-14 3 0

A= B =

0463]

Here we note that subtraction is not commutative ie
A—B # B —A(2.8)
2.1.2 Multiplication of Matrix

If A is an mxt matrix and B is xn matrix then the matrix C of order
mxn defined by

Cij = Xk aixLy, — 1<m,j<n(2.9)
Is called the product of A and B and is denoted by AB

Example

31
23
—54

276

A= 103

, B=|

AB =|7 1421

143542

7 2121]

and

5057

BA = [1813

From this operation, we observe that multiplication of matrices is
commutative but has the following properties

AB # BA
A(BC) = (AB)C
(A+B)C = AC + BC
A(B+C) = AB + AC
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2.1.3 Null and Identity Matrices

The null or zero matrixes O has all elements equal zero. The properties
are

(@ AO=4, (b) A+0=4
Identity: The matrix I of order nxn defined by
0ij = 6jk(2.10)

is called the identity or unit matrix of order nxn (§jk is the Kronicker
delta) which is such that for every nXn matrix A

it is often denoted by

I, - (2.11)

L0 1.
If Aa matrix; then A is referred as the inverse. It is such that

A'A =44 =1
The operation of the inversion of matrices has the following property

(AB)™! =B 1471

2.1.4 Transpose of a Matrix

A matrix A’ form by interchanging the rows and column of a matrix A
is known as the transpose.

For example given a matrix

312
041

30
Al =14

21

=

forms the transpose of A.

if A is 3X3 order, say
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21 4 —1]

A=163 -3-5

7-6 4 2

Then
2 6 7
T_|1 3 -6
A" =14 34
—-15 2

is the transpose of A.
The operation of transposition has the following property
(AB)" = BTA"
(AN'=4
Hermitian conjugate and Transpose

If A =aij is an mXn matrix then the mXn matrix whose elements are
given by aij Vij is called the conjugate of A and is denoted by A.

For example the complex conjugate of the matrix

_[ L
1+i10

is given as

1 23i

A=[1—i10

If A is a matrix then the matrix A" defined by A* = AT

0—5+5i—10i
A=10 -5 10
20 -1—i 2
0 0 2i
At =|-5+45i—5—-1+i
10i 10 2

2.1.4 Determinant of a Matrix

If A is 2x2 matrix then the scalar a;;a,, —a;; — ay; is known as the
determinant which is denoted by |A]|

For 3x3 matrix,

a11a12413
A21022023((2.12)
a310d32033

A=

|Al = a11(azza33 — azzasy) — ajz(aziass — asyazs) + a;3(az;as; — azaasy)
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In this case, it is obtained by deleting the L** row and J** column of a
3x3 matrix. Here what is left is 2x2 matrix whose determinant is
called the minor of aij denoted byMij. The scalar (—1)'" Mij is called
the cofactor of aij and is denoted by Aij.

Example

A=1112

—112
Al=22-2)-32+2)+[-11+ 1] =3(0)-3(4) - 1(2) = -12 — 4

2 3—1]

|A| = —16
Example

1 0 5i
=20 2 0
11+i0

1A] = 10

A=

If A is a matrix obtained by replacing each element of a given matrix A
by its cofactor Aij and then transposing it, is called the ad joint A and
is denoted by 4

Example
Find the inverse of the matrix
2 4 3
A= [ 1 —2—2]
-33 2
First, we determined the determinant
|Al = 2[-2(2)—2)3 + 4[(-2)(=3) — (D)(D)] + 3[(L(B)—2)(-3)
=11

The second step is to determine the cofactor C

2 4 -3
C=]113-18
—-27 -8
Third, we find the transpose of C
2 1 =2
C'=]4 13 7
—3—-18-8

Hence the inverse, A~}
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L 12 12
Al=—=—|4 13 7

Al 11| 3 18-

2.1.5 The rank of a matrix

This is the largest possible square submatrices in which case the
determinant may be evaluated.

Example

Determine the rank of the matrix

A=1202 2

413 1

110—2]

This matrix possesses four submatrices of which the determinants is
given as

110 11-2
202|=0 202 |=0
413 411

10-2 10-2
222 |=0 1022|=0
43 1 131

Since all these submatrice has zero determinants. The next largest
square submatrices obtainable here are 2X2. Considering 2X2
submatrix formed by ignoring third row and the fourth columns of A,
we have

|;é| = 1X—0—2X1 = -2

Now since the determinant of this 2X2 matrix is non-zero, the matrix
A is of rank 2.

2.1.6 Systems of linear equation

By definition a system of m linear equation in n— unknown
X1X2X3 oo . Xy 1S Of the form

ai1X1 + a12Xy + -+ A nXn = bl
az1Xq + Az X> + -+ ArpnXn = b2 (2 13)
Ap1X1 + QX + 0t A Xy = bn
Consequently, it may be written in terms of matrices as
AX =B

Where A is the nxn square matrix given by
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11412 -Ain
A = [Az1022- A2y |C (2.14)
ap1Qap2 - -Apn
While X and B are the column vectors given by
x =", lebﬂ (2.15)
Xn b,

It therefore implies that since the matrix A is invertible with inverse
A™! then multiplying it with the above matrix equation gives the
solution given as

X=A"1B (2.16)
Example
solve for xq, x5, x3.
X +2x, —x3=2
X1 — X3 +x1 =1
X1 +x, =5

X1+4‘XZ—.X3+5X4=O

Here

1201 15 —3—-7-3
~1-110 44 _|-102 5 2
A= 95 300 4 5 0-2-1
1 4 —15 6 —1-3—1

2 _8

e |7

b=1g. X=|o

0 _4

Thus x; = —=8,x, =7,x3 =0,x4 = —4
Example solve
2x1 +4x, +3x3 =4
X1 —2x; —2x3 =0
—3x1 + 3x, + 2x3 = =7
We represent it by a matrix

AX =B
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2 4 3 X1 4
BN
-33 2 X3 -7

X = A™1B which gives

Obtain A~ and write

X1 = 2,X2 = —3,X3 =4,

Alternatively, we can use the Crammer’s rule to solve the problem. In
this case we obtain the determinant of A4,|A| and obtain the three
Crammer’s determinant as

4 4 3 2 4 3
A=|0—-2=-2, A=]1 0-2
-13 2 —-3-72

2 4 4

A3: 1-20

—-33 -7

The final solution to the equations then given by

b A
TEAr ST T At T A
22 —-33 44

x1=ﬁ=2'x2=7'x3=ﬁ=4

Eigenvalues and Eigenvector

A vector as we know is a matrix with one row and/ or one column.
However, eigenvalues and eigenvector X of a matrix A are those values
and vector for which AX = X.

For instance given

123] [1 1
213| [1| _ 6|1
3121 11 1

A X x =X

which can easily be written as

AX =X 1X
AX XX =0
(A-x)X=0

Where I stands as a unit matrix As the equation represents a set of
equations with zero right hand side it has a nontrivial solution if

[A—=1] =0 (2.17a)
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In general, it expressed as

ajp —x Quz e A1n
Az1 Qg =X Qzn (=0 (2.17b)
An1 Apa e Anp =X

That is theoretically eigenvalue are given by the determinantal
equation.

Example:

Find the eigenvalues and eigenvector of

A=|2 3 4

-1-1-2

211]

Solution

First of all we write it in terms of characteristic equation

211 100
A—>\I=[2 3 4]—>\[010]
1

—-1-1-2 001
2—>x 1
= 2 3—x 4
-1 -1 -2-—x
2—>x 1 1
2 3—x 4 =0
-1 -1 -2-—x

N+ —-1)B—x)=0
=1 x;=1and »3=3
These are the eigenvalues.

The eigenvector corresponding to each of the eigenvalue can be
obtained. For instance the eigenvectors corresponding to eigenvalue

X, is given by
2—-1 1 1 X1
2 3—-1 4 X21=0
-1 -1 —-2-111%3

2 1 111*%
=12 2 4 ||%2]=0
-1 -1 -=-311%3
Hence x; =1,x, = —-1,and x3 =0

1
Thus the eigenvector corresponding to x,=1is [—1]
0
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We can do the samefor xq,x3.

Questions
3 1 2 5 3
()IfA=|2 3|andB= | show that 4B = B4
1 1 3
6 2
1 2 3 2 1
(2) Find the inverse of the following matrices (i)]1 3 5 (ii)[_ 1 _2]
1 5 12
1 2 -1
(iii)[3 8 2]
4 9 -1

(3) Find the eigenvalues and the corresponding normalized eigenvector

5 =20 1 -1 0
from the following operators (i)[—z 2 O] (ii)[l 1 0]
0 0 O 0 0 1
(4) Use matrix theory to solve the following system of linear equation
x1 + 2X2 + x4 = 2

x+2y+3=4 _
(px+3y+5=20) 50 2T
x5y+12=7 12

X1+4‘XZ—.X3+5X'4 =0
2.2.1INNER PRODUCT AND NORMS

The geometry of Euclidean space relies on the familiar properties of
length and angle. The abstract concept of a norm on a vector space
formalizes the geometrical motion of the length of the length of a
vector. The angle between two vectors is governed by their dot
product, which is itself formalized by the abstract concept of an inner
product.

The most basic example of an inner product is the familiar dot
product

(viw) = v.w = vyw; + vow, + v w, = YL, v;w;, between (column)
vectors,v = (vy, vy, 1) w = wy, wy, wy, - w,,)T

Lying in the Euclidean space, R". Here note that the dot product of
above equation can be identified with the matrix product.

141

w»
Wy (2.18)

Wn

vow =VTw = (vy,vy,v3 - 1,)

between a row vector,V’ and a column vector, w.
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Now let V be a vector space, real or complete. Then the inner product
of V,W,EV, written as (V,W) as shown is defined as a pairing that
takes two vectors v{WEV and produces a real

(viw)ER. The inner product is refuels to salsify the following three
axioms for u,v, WEV,and ,d R .

i. Bilinearity: (cu + dv:w) = c(w; w) + d(v; w),
(w;cv+dw) = c(r;v) +d{u;w)

Symmetry (v;w) = (w;v)

Positivity (0; 0)0 whenever v # o while (0;0) = 0.
(cv,w) = c*(v,w); (v,cw) = c(v,w)

(v,w+2) =(v,w)+ (v, 2)

(v,w) < [[v|lllwll.

Example. Given the vectors a and b in 3 dimensions, i.e.., I3 we define
the inner product as a,b = a*b

2
1
1

1
Thus if a = [0‘, and b = |1|, then a™ = [2.19]
1

2
1
1

+ (a,b) = (a*b) = [101] |1] = 3

In the case of the space of m X n matrices; The inner product of A and
Be M, is defined as a,b = Tr (A*B)

Where A" is the complex conjugate of the transpose ofA.

e.g. let A= [1 0

11 “”dB=[O _1]

0 1

find the inner product.
O PR ] P
am=ro=[ 0 Jl=reo

Practice: Find the inner product of 4, B € M,,, if

2 1 1

Az[—1 3 1 3o

!
]andB = [ 1 3 1)
A vector space equipped with an inner product is called an inner
product space. It can be noted that a given vector space can admit
many different inner products.
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Given an inner product, the associated norm of a vector veV is
defined as the positive square root of the inner product of the vector
with itself:

vl = V{v;w) (2.19)

The positivity axiom implies that |[v|| = 0 is real and non-negative, and
equal 0 if and only if v = 0 is the zero vectors.

2.2.2 INNER PRODUCTS OF FUNCTION SPACE

Inner product and norms on function space play some essential role
in modern analysis partiality Fourier analysis and the solution to
boundary value problems for both ordinary and partial differential
equations.

E.g. Given a bounded dosed interval [a, b]c R, consider the vector space
C° = C°[a,b] consisting of all continuous functionsF:[a,b -» R. The
integral

(f:9) = [ f0) g(x)dx (2.20)

We define an inner product on the vector space C°, as we will be seen
below. The associated norm is accordingly given as

If1 /f,f f(x)? dx (2.21)

This quantity is known as the L? norm of the function f over the
interval[a, b].

For example, if we take [a, b] = [O'ﬂ/z], then the L? inner product
between f(x) = sinx and g (x) = cosx can be obtain.

/2

s
1 Zx] /21
0 2

sinx cosx dx = [E sin

(sinx; cosx) = f

0

Similarly the norm of the function sinx is

T/
||sinx||=jf 2(sinx)zdx: /”/4=\/2—E
0

We one is dealing with the L? inner product or norm, one should
always be careful to specify the function space, or equivalently the
interval on which it is being evaluated.
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2.2.3 NORMS

A norm on the vector space V assigns a real number||V|| to each vector
v eV, subject to the following axioms for all v,w e V, and c e R.

Positivity: ||V|| = 0, with [|V|| = 0 if and only if V = 0.
Homogeneity: ||cv|| = |c]||v]|.

It is important to note that every inner product gives rise to a norm
that can be used to measure the magnitude or length of the elements
of the underlying vector space and that an inner product gives rise to
a norm. Though in general not every norm used in analysis and
applications arises from an inner product.

lv+w|| < ||lv]| + llw||Vv,weV (Triangular inequality). The norm of
a vector is its “distance” from the origin.||v|lis the norm of V as
already indicated.

In the case where V =R, the real number line, the norm is the
absolute value |v|.

If the norm of v in the vector space V is unity, situation where any
vector is not normalized, we can normalize it by dividing by the norm
1
Example given a vector a = [O] normalize the vector.
1

The norm of a is ||a|| = +/(a, a)

1
(a,a) = [101] [O] =2
1

lall = (a,a) =V2

The normalized vector of ais C = ”Z—”

i

‘2%

1
0
1
Another example, normalize the vector A = H (1)] Now, the vector is in

form of matrix mxn the norm is defined as

Al = VT, (4, 4)

At = [é ﬂ andA* = [_01 1
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ST [

T.(A*A) = Al =J2-1D2+(1-02=V1+1=+2

The normalized A = — = —

A_ll 0]
nanr  v2Ll1 1

Linear independence and dependence vectors V; ---V, € V are called
linearly dependent if there exist a collection of scalars Cy, - C;, not all
zero such that

C1V1 + .- Cka == O
Vectors which are not linearly dependent are called linearly

independent.

1 0 -1

Example given vector V; = ( 2 ),VZ = <3>,V3 = ( 4 ), verify whether
-1 1 3

they are linearly dependent or not.

From (iii) ¢; = —C; and from (ii)C, = —2(3, putting these in (i) gives
—C3+2C3+C3 =0

—263 =0 or, Cg =0

This enables one to conclude that the set is linearly independent

11 [-27 [1
1. The set [2] ,[ 0 ],[2] linearly dependent or independent?
34111
Normalize each vector.
2.2.4 ORTHOGONALITY AND ORTHORNALITY

If any vector in the vector space V, can be written as a linear
combination.

V=) +aQ;++a,Q, =X_1a;0Q; (2.22)

Then we say the space is spanned by the complete orthonormal
basis{Q;}.

Vector say v; and v, in a vector space V are orthogonal if (V;.V,) =0
Suppose there exist a linearly independent set

{Q;},i.e {Q1Q,.Q,} such that{Qi,Qj} = 0,i # j implies orthogonality.
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If on the other hand, {Qi, Qj} = 1, this is said to be an orthonormal set.
It is normally written as

_ Ofori+#j
(0003 =y for 1 7
2. Determine whether the vectors
1 3 1 4
V1: 2 ,sz O V3: —4,V4, 2
-1 4 6 3

are linearly independent or linearly dependent.
By inspection, V; =2V, +V; =0

On the other hand, the first two vectorsv;, v, are linearly
independent.

NOW, C1V1 + CZVZ =0

1 0 q + 0 0

Cil2|+C|3]1=0,[2C; + 3C(=|0

-1 1 - + ( 0
C,+0=0,
261"‘362:0,
—C1+C2:O,

Cl =O,2€l+362 =O,—Cl+CZ =0

Which has only the trivial solution C; = C, = Oshowing linear
independence?

Example 2

171 111
Show that the set [O] , [1] [2] is linearly independent.

11 Lol 11
Solution
1 1 1 0
C1 o]+ Cz 1|+ Cg 21 =10
1 0 1 0

From which we obtain

Cl+C2+C3=O,C2+2C3=0,C1+C3=O
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2.3.1 ELEMENT OF TENSOR ANALYSIS

Tensors are important in many areas of physics including general
relativity and thermodynamics. Scalars and vectors are special case of
tensors. A quantity that does not change under rotations of the co-
ordinate system in three dimensional spaces, an invariant is known as
scalar. A scalar thatis specified by one real number is a tensor of rank
zero. A quantity whose components transforms under rotations like
those of the distance of a point from a chosen origin is a vector
quantity.

Tensors are a natural generalization of vectors. Tensors are defined by
means of their properties of transformation under coordinate
transformation.

Let us consider the transformation system (x!,x2 - - ,x") to another
(b, xl 2o ,x1V) in N —dimensgional spaceVN. We note that in writing
x" is a superscript and should not be mistaken for an exponent. In
3 — 0 at space we use subscripts. When we transform the coordinates,

their differentials transform according to the relationis

SxH

U —
dx =S

dxV. (2.23)

Here we have sued Einstein’s summation convention; repeated
indexes which appear. Once in the lower and once in the upper
position are automatically

summed over. Thus
YN _1Ay AV = AyAN (2.24)

It is important to note that indexes repeated in the lower part or upper
parts alone are not summed over. An index which is repeated and over
whosesummation is repeated is called a dummy index. Clearly by any
other index that does not appear in the same term.

A set of N quantities AN (N =12,---,N) which, under a coordinate
change transform like the coordinate differentials, are called the
components of a contravariant vector or a contravariant tensor of the
first rank or first order.

Sxt
f=dxt =T

A (2.25)

This relation can easily be inverted to express A!” in terms of A“.

If Nquantities A¥(n = 1,2,++,N)in a coordinate system (x!,x! 2. .- ,x1)

by the transformation equations

A, =dx* =224, (2.26)

T osxl?
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They are called components of a covariate vector or covariant tensor of
the first rank or first order.

2.3.2 TENSORS OF SECOND RANK

Vector or first order tensor normally defined as an entity with three
components which transformed in a certain faction under rotation
of the coordinate frame. Second order Cartesian tensor similarly is
defined as an entity has nine components say 4;;,i,j = 1,2,3 in the
certesian frame of reference 0123 which on rotation of the frame of
reference to 0123become.

By the orthogonally. Properties direction confinesl,; we have the
inverse transformation4;; = lip ljq A,; - B;

To indicate that a given entity is a second order tensor we have to
show that its components transform according the above
equation B;. A valuable means of establishing tensor character is
the quotient rule. A second order tensor may be writer down as a
3 X 3 matrix

Ay A Az
A=Ay Ay Ay (2.28)
Az1 Az Az

And it is occasionally convenient to treat it as such. In the rotation
of matrices the transformation above would be written as L'AL =
Aor A= LAL.

from two contravariant vectors A* and BY we may form the N?
quantities A*B". This is known as the outer product or of tensors.
These N? quantities form the components of a contravariant tensor of
the second rank: km T*" which under a coordinate change, transform
like the product of two contravariant vector.

u v
wy _ dx® dx

T =
dx* dx1B

T!x B, (2.29)

Is a contra variant tensor of rank two? We may also form a covariant
vector, which transforms according to the formula

__dx* dxV1B
T dx* dx1B

T T'«x B (2.30)

Similarly, we can form a mixed tensor T} of order two that transform
as. We may continue the process and multiply more than two vectors
together, taking care that their indexes are all different. In this way
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one can construct tensor of higher rank. The total number of free
indexes of a tensor is its rank (or order). In a Cartesian coordinate
system, the distinction between contravariant and the covariant
tensors vanishes. This can be shown with velocity and gradient
vectors. Velocity and acceleration are contravariant vectors, they are
represented in terms of components in the direction of coordinate
increase; the grader vector is a covariant vector and it is represented
in terms of components in the directions. Orthogonal to the constant
x* surface hence the distinction between the covariant and
contravariant vectors quantities. In fact this is the essential difference
between contravariant tensor; a covariant tensor is represented by
components in directions orthogonal to like constant coordinate
surface, and a contravariant tensor is represented by component in
the direction of increasing coordinate and if the two tensor have the
same contravariant rank and of the same covariant rank, way say that
they are of the same type.

2.3.3 BASIC RULES OF OPERATION WITH TENSORS

1.  Equality; Two tensors are said to be equal if and only if they have
the same covariant rank and the said contravariant rank, and
every component gone is equal to the corresponding component
of the other

AXBBRE. (2.31)
2. Addition (subtraction). The sum (difference) of two or more

tensors of the same type and rank is also a tensor of the same
type and rank

3. Addition of tensors is commutative and associative.

4.  Outer product of tensors: The product of two tensors is a tensor
whose rank is the sum of the ranks of the given two tensors.
This product involves ordinary multiplication of two components
of the tensor and is called the outer product. For instance.
ASBBXE = Ccv*BIs the outer product of A%%and BE.

S. Contraction; if a covariant and a contravariant index of a mixed
tensor are equal; a summation over the equal indexes is to
betaken according to the summation convention. the resulting
tensor is a tensor of rank two less than that of the original
tensor. This process is called contraction. For instance, if we
start with forth order tensor T™ one way of contracting it is vp, to
setd = p, which gives the second rank tensorT,”. One could

contract it again to get the scalarT,,” .

6. Inner product of tensor: The inner product of two tensor is
produced by contracting the outer product of the tensors. For
example, given two tensorsA‘(}‘BandBfﬁ , the outer product is
AXBBXB setting 6= u, we obtain the inner productA%fB™.

Symmetric and antisymmetric tensors a tensor is said to be symmetric
with respect to two contravariant or two covariant indices if its
component remains unchanged upon interchange of indices.If A4; =
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Aj;. The tensor is said to be symmetric and a symmetric tensor has
only six distinct components. If A; =A4; the tensor is said to
antisymanetric and such a tensor is characterized by only three scalar
quantities for the diagonal terms A;; are zero. The tensor whose ijth

element is 4;; is called the transposeAlofA.

The analogyis the same with that of a matrix allows one to
define the conjugate second order tensor the determinant of a tensor A
is the determinant of the matrix A.

detA =Eijk Al, AzyA3k (232)

If this is not zero we can find the inverse matrix by dividing the
cofactor of each elements by the determinant and transposing. This is
called the conjugate tensor.

7. For example if we let x = P,,,A* be an arbitrary contravariant
vector and A“P,,, be a tensor, say Q,,:A*P,ny = Qmys then be of
the same order to be added; a vector cannot beaded to a second
order tensor.

2.3.4 SCALAR MULTIPLICATION AND ADDITION

If < is a scalar and A a second order tensor, the scalar product of «
and A is a tensor x A each of whose components is « time the
corresponding component of A as stated in property number 3.The
sum of two second order tensors is a second order tensor each of
whose components is the sum of two second order tensors is a second
order tensor each of whose components is the sum of the
corresponding components of the two tensors.

Thus the ijth component of A + Bis A;; + B;;. We note that tensors most
be of the same order to be added; a vector cannot be added to a
second order tensor.

A linear combination of tensors results from using both scalar
multiplication and addition. A + BB the tensor whose ijth component
is o« A;; + BB;;. Subtraction may therefore be defined by putting
x=1B = —1.

Any tensor maybe represented as the sum of a symmetric part
and an ant symmetric part. For A; = %(Al-j +4;) +%(Ai]- —A;) and
interchange i and j in the first factor leaves it in changed but changes
the sing of the second. Thus

A= %(A +AY) + % (A.AY) .Represents A as the sum of a symmetric
tensor and antiemetic tensor.
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2.3.5 CONTRACTION AND MULTIPLICATION

The operation of identifying two indices of a tensor and so summing
on them is known as contraction as stated in the fourth property. A;is
the only contraction of 4;;

Aii = A11 + Azz + A33 (233)

Which is no longer a tensor of the second order but a scalar, or tensor
of order zero? liplip = §;; by the orthoganality of the lij. The scalar 4;

is known as the trace of the second order tensor ie tr A

If A and B are two second order tensors 81 numbers can be formed
from the products of the 9 components of each,

Aij B, 1,j, k,m = 1,2,3. The full set of these products are components of
a fourth order tensor, which is yet to be defined?

2.3.6 Isotropic tensors.

These are tensors whose components are unchanged by rotation of the
frame of reference is known as isotropic tensor but the one whose

components changes by rotation of frame of reference are called
anisotropic tensor which is the type tensor used the analysis and
study of electromagnetic wave polarization in bi-axial crystals.

The trivial case of this is the tensors of all orders whose components
are all zero. All tensors of the zeroth order are isotropic and there are
no first orders are isotropic tensors. The only isotropic become order
tensoris d;;. That A; =d; /r? is an isotropic tensor because it is

geometrically invariance under rotation.

We have

100
§=(gmv)=<0 1 o> (2.344a)

0O 0 1

1 0 0
§=(gmv)=(0 r2 0 ) (2.34b)

0 7% sin%6

In anN —dimensional orthogonal coordinate system g, =0 form #v
and m a Cartesian coordinate system, g,,, = 1 and g, = for m # v.

In general case of Riemannian space, the g,, are functions of the
coordinates xtm 1,2,--- N).
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Since the inner product of g,,, and the contravariant tensor dx“dx"? is
a scalar(ds?, the square of line element), the according to the quotient
law g,,, is a covariant tensor.

To do this,

ds = gupdx®dx? = glpdl®dx'?

1 6‘x1°C leB m v m v
9xp = 5™ ox7 dx™dx’ = gy, dx™ dx
S 10(5 1B
Or (gks =32 = gy ) dx™ dx? =0 (2.35)
The above equation is identically zero for arbitrary dx™, so we have
S 10<6 1B
Imv = ;;m %gmlg A1 236)

Which shows that g,,, is a covnariant tensor rank two. It is called the
metric tensor or the fundamental tensor. Now contravariant and
covariant tensors can be converted into each other with the help of the
metric tensor. For example, we can get the covariant vector (tensor of
rank one) 4,, from the contravariant vectorA”:

Ay = gmpA” -+ Ay (2.36)

Since we expect that the determinant of g,,, does not vanish, the

above equations can be solved for A” in terms of theA,,. Let the result
be

AY =gvam,...’ A3
By combining equation A, and A; we get A, = gmg' A«
Since the equation must hold for any arbitrary
A, we hav g, g"* = 6, (2.39)

Where §,; is Kronecher’s Deltasymbol .Thus, g™ is the inverse of g,,,
and vice versa; g*¥ is often called the conjugate or reciprocal tensor of
Imv are the contravariant and covariant components of the same
tensor that is the metric tensor. Notice that the matrix(g™’) is just the
inverse of the matrix (g, ).

We can use g,,, to lower any upper i9ndex index occurring in a tensor
and use g™’ to raise any lower index. It is necessary to remember the
position from which the index was lowered or raised, because when we
bring the index back to its original site, we do not want to interchange
the order of indices, in general T™ # T'™.

Thus, for example
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Ap = g'P Arg, AP9 = g7 g%, AL = g,y AL (2.40)

2.3.7ASSOCIATED TENSORS

All tensors obtained from a given tensor by forming an inner product
with the metric tensor are called associated tensors of the given
tensor. For example A* and A, are associated tensors

Ay = gopAB, A% = g¥BA, 2.41)
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CHAPTER 3
3. 1.0 Complex Number

Complex number is as a result of some algebraic equations that have
none real/rational roots as we shall show below.

In a quadratic equation of the form
ax’+bx+c=o0 (3.1)(a, b, c rational)

Does not always have rational roots; for instance, the roots of

ax?+2x—1=0 are

—1 # V2 in some cases
Ifax? —4x+5=0

(x—2)*=-1
x—2=#+(=2)#i
x=2xi

2—10,24+1i (3.2)

NBThe equation ax? + bx + ¢ = 0 have two roots if h, > 4ac is clumsy.

1. Express :_r—iis in the form p + iq
1 _a+ib (c—id) _ ac+ich—iad —be
SONVCd “cciy T T ctra?
_ca—bd+i(ch—ad)
B C? + d?

ca—bd i(ch —ad)
C2+d*>  C*+d?
¢ + idhasc — id as the conjugate complex numbers.

E G Express (1) 21:_3: in the form p + iq.

(2) cos O+isin 6

cos ¢p—isin ¢
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3.1.2 Argan Diagram
This involves the representation of complex number graphically

YN

P(x,y)

0 X

Fig2.1 showing rSepresentation of complex number in Cartesian plane
withOP s the radius vector

Y2 =x%+y%y=x2+y? (3.3)

This direction specifying the radius vector OP is not quite so easy to

deal with because there are infinitely many positive and negative angle
which would do

yA

7

><V

The angle between the radon vector OP and the positive x — axis is
called the argument of the complex number x + iy.
Arg(x + iy). It has infinitely many values
—t<arg(x+iy)<m
Eg mark on the Argand diagram the radius vectors corresponding to

-3+2i 2i

4
ERN
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r=+(-3)2+22=9+4

r=+v13
x =3
cosf—=—
r 13
0 -1
=Cc0S™ —
V13
Eg
The conjugate of x + iy is x — iy and for brevity we write z =x +iy,z =
x — iy
Show that

27= |x +iy|* = |x — iy
What are the values = |22, |§| ,arg(z2)?
a) |x+ iyl X |x+iy| = (x? + y?)/2
= x2 +y?
b) |x —iy| X |x — iy| = (x? + y?)/2(x? + y?)1/2
= x2 + y?
lz2| = |(x + iy)(x + iy)| = x? + y?

_xty
-

|Z| _ |X+ly
Z

x — 1y
3.1.3 De Moivre Theorem

The theorem states that for any rational value of n, one value of
(cos 8 +sin@)" is given by (cosf +sinf)" = cosnb +sinn 6

Prove that
(cosO + isin¢g)(cos ¢ + ising)
cosfcos¢p +ising +isin O cos¢p —sinf sing
cos 8 cos ¢ — sin 6 sin ¢p + i(cos 6 sin ¢ + sin 6 sin ¢p)
cos(0 + &) +isin(0 + )

Therefore if 6 = ¢,

cos 26 + isin 26 = (cos 6 + i sin 6)?

Express in the form x + iy

cos B+isin 6
* cos ¢p+isin $

82
IDOSR JOURNAL OF SCIENTIFIC RESEARCH E. BOOK, 1-295, 2020.



www.idosr.org/E.BOOK Ugwu
Find the roots of unity

22=12"-1=0

Using De Moivre’s theorem, we can express 1 as a complex number
in infinitely many ways.

--+» cos(—2m) + i sin(—2m), cos o + i sin gos 21 + i sin 27, cos 247 + i sin 4,
Or generally cos 2km + i sin 2k,
Where is an integer k = 0,1,2,3,4--- n.

nifzd =

>z=131

= i/(cos 6 +isinf)

0
= (cos @ + isinf)'/3 = cos§+ ising

21
3

4n

21 .. 21 6 . .0 21 ..
COS(—?)+lSll’l(—?),COSE-l-lSll’l—,COS?-FlSll’l 3"

. , COS 4?” 4+ i sin
Find the square roots of each of the following complex numbers
ii. 3+ 4i 24 =10i
solution
letz?> =3 +4i,z2=x + iy
s~ (e +iy) 3+ 4i
x% + 2xyi —y? =3+ 4i

x% —y? + 2xyi = 3+ 4i

x2—y2=3
2xyi = 4i
2xy = 4
y=4/2x =2/x
Substituting in (1) in place of y
x? — % =3

x¥*—3x2-4=0
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(x2-—D*+1)=0
x>’+1=0=>x>+1%#0
x2—4=0>x=42
Fromy=2/x,y=1
x=-22,y,=-1
The square root of 3 + 4i are
(=2-10),2+10)

Find the real number X and y such
(x+yi)(2—-3) =-13i

—13i
2—3i

x+yi=
_ —13i(2-3i)  —26i+39
S (2-3D2-3)) = 13

—26i N 39
13 13

x+yi =

x=3,y=-2

1) (x+yi)(1+4i) =6+7i
2) A+2)x+2-3i)y=10
3) sotoy =4+

Derivative of complex variables
Find the derivative of w = 22

Using the first principles

w = 22

W+ 0w = (z + 02)? = 2> + 220z + 0z°

ow = 2z0z + 0z

dw  lim _
Ea_)o(22+6z)—2z

2. Find the derivative of w = zz where
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z=x+yil z=x—Yi
Solution
w=zz:.w+dw = (z+02)(£+ 0%)
W+ 0w = zZz+ 20 #+ 020z + 0z0%

ow = 20 z+ 0z + 0z0%

aW__ z6§+a_
62_% d ’
ow .  [0x — idy '
a_z_(x—ly)+(x+yl)[ax+i0y +tox—ioy
For§=x_yi,-,ag=ax—iay
0Z 0x —idy
ag_0x+i5y

0 ] . \O
1) 1stlet 6y—>0;%=x—ly+(x+ly)£+6x

ow lim . . _
ThenaZ—ax>O[x iy+x+iy+dx]=2x (4)

2) aa—z =(x—iy)+ (x+1iy) [gi:gi] + 0x — 40y
Ifox=0
ow . ] ) . ,
P (x —iy) + (x + yi)(—1) —idy = —i2y — idy
lim

aw . , _
Then % = 9y => O[—lZy —idy] = —i2y

ow > B)

0z ey
The two results A and B are clearly not the same of all values of x and
y — with one exception, ie

Whenx =y =0

Therefore wzz is a function that has no specific derivative, except at
z =0 — and there are other. If would be convenient, therefore, to have
some form of test to see whether a particular function w = f(z)has a
derivative f'(z) at z = z,.This useful tool is provided by the Cauchy —
Riemann equations.

If w=f(z)=U+iV,we have to establish conditions for w = f(2) to
have a derivative at a given point z = z,
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w=U+jVe.ow=0u+idV;

z=x+iy~0z=0x+idy

aw limi®} 0 u+io v [0 u+io V
! = —= = a 0
Then f (Z) 0z oz—>0 0= a; : 0 [6 x+id y]

(@) letdx — 0, followed by dy — 0

@ 0w _ v v
Then from (1) above, f ¥ = 57—yl

limi} [9 u+io V] limé#} rav .6u]

For /@) =9y & o[y 1= ay - 0lay "5

(b) letéy — 0, followed by éx = 0

ooy limie fpu+iov] _ limiiou | cov _ du | .ov
fOI'f (Z)_ax—>0 dx ]_ax—>06x+lax_ ax+lax(3'5)

If the results. 2 and 3 are to have the same value for f (z) irrespective
of the path chosen for 6z to tend to zero, then

. 0v

du ov .ou
5‘“5‘5‘“@ (3.6a

Equating real and imaginary to their corresponding parts.

ou ov ov ou
a = 5,5 = —5. (36b)
These are the Cauchy- Riemann equation

Therefore the necessary condition for f(z) =wu +iu to be regular at
z =z, is that u,v and their partial derivatives are continuous in the
neighborhood of z = z,. As in equation (3.6b)

Where a function fails to be regular, a singular point, or singularity
occurs, ie where w = f(2) is not continuous where the Cauchy —
Riemann test fail.

3.2.1Complex Integration

Differentiation with respect to z in the case of a complex function,
since z is a function of two independent variable x and yie z = x + iy.

In the same way
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z=x+iyandw=f(z) =u+iv (3.73)

whereu and v are also function of x and y
also

dz = dx + idy = dw = du + idv
fwdz = ff(z)dz = f(u + iv) (dx + idv)
= f[(udx —vdy) + i(vdx + udy)]

ff(z)dz = f(udx —vdy) + if(vdx + udy)

Ie we have two real-variable integrals
[(udx — vdy) and [ (vdx — udy) (3.7b)

Because of this introduce contour integral contour integration-line
integral in the 2-plane.

Z — Plane

If we are summing up f(2) for all such points between Aand B, it
means that we are evaluating a line integral in the z — Plane between
A(z = ) and B(z = %,) along the curve C

ief  f(2)dz where c is the particular path foining A anad B

the evaluation of line integrals in the complex plane is known as

3.2.2Contour integral

Evaluate integral fc f(2)dz where f(2) = (z—i)? and c is the straight-
line joining A(z = 0) to B(z = 1 + 2i)
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Solution
\

B(1 + 2i)

=k

z=x+1iy,dz =dx + idy
f@) =(z-0)?
=[x +ily - DJ?

=x?2—(y—1)2?+2xi(y—1)

ol = j[(x2 —y22y — 1) +i(2xy — 2x)][dx + idy]

+if[(2xy —2x)dx + (x? — y? + 2y — 1)dy]

Equation of AB is y = 2x

~dy =2dx

1
Wl = f [(x? — 4x? + 4x — 1)dx — (4x? — —2x)2dx]
o
1
+if [(4x? — 2x)dx + (2x? — 8x?% + 8x — 2)dx
o

1 1
= f (—11x? + 8x — 1)dx + if (—2x% + 6x — 2)dx
o (o)

-11 o2 1
= —x3+4x—x] +l[——x2+3x—2x]
3 . 3

- (_11+4 1)+‘(_2+3 2)
-3 "\73
—2 11 1

=—?+?:>§(—2+l)

0

Example verify Cauchy’s theorem by evaluating the integral

Ugwu
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yg f(#) dz where f(z) = z*

Around the square formed by joining the point z=1,z=2z,z=2+1i,2z=
1+

Solution
z=x+1iy
27 = x? — y? + 2xyi

dz = dx + idy.

A B |
1 2 3 X

0
jg f(® dzf #Zdz = i {x? —y? + 2ixy}{dx + idy}

c

= jg [(x? — y?)dx — 2xydy] + ijg [2xydx + (x? — y?)dy]

c
(@) AB;y =0,dy =0

312

ferda= [ xax=1] 217
z)dz = | xdx=—| z—z =<
5 . 31,3 2 3
(b) BC;x=2,~dx=0
1
ﬂ@@=[@—ww
AB 0
31
11
=[—2y2](1)+i[4y—y—l =—-2+i—
3 0 3
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(c) CD;y=1,~-dy=0

1 1
ol f@dz= f (x? — 1)dx + if 2xdx
2 2

CD

x3 ! .ro211 —4 ,
——x| +i[x°]; =——3i
3 5 3

(d) DAx=1,,~.dx=0

0 0
() dz = f (~2ydy +i f (1—y2)dy
DA 1 1

A I 2
=[-ylhtily+=| =1-3i
3], 3

of s Do (-2 0 20 (Zoa) + (1-2) =0

This gives the statement of Cauchy’s theorem that if f(z) is regular at
every point within and on a simply connected closed curve C, the

$ f@dz=0
3.2.3 COMPLEXVARIABLES AND OF CONTOUR INTEGRATION
1  Analytic function

Consider f(z) where zis complex. The delusive of is

f(z+Az)—f(z)

5 (3.8)

f’(Z) = limy; o0
Letz=x+1iy, f(2)x +iy) =u(w,y) +iv(x,y).
If f'(2) exists, then with Az = Ax, we get f (2) = ux + ivx
And with Az = i Ay, f (z = —i (uy + ivy) = —ivy + vy

(Dx(2) Imply that
U =)
{v, = -0, 3.9
These equations are called the Cauchy-Riemann condition.

Conversely, if u,,v,,u, and v, exist, satisfy the Cauchy conditions, and

are continuous in a neighborhood of z, then f(z)=+(v(x,y))is
differentiable at i.e.f (z) exists.
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To see this, write

u(x+a+,y+ay) —ulx,y =40u=u+Ax +uy Ay + f(2)|Az|

Where hnl 0& (z)=0 Az=Ax+iAy

|Az|

v(x + Ax,yr Ay) —v(x,y) = Av = vx Ax + vy Ay + &,(2)|Az|
lim
Where IAz] - 02 (z)=0

The above equations are valid in a neighborhood of z since u and v are
differentiable at (x, y).

Then, with Ay = Au+1i Av, we get

Y+ ity + i 2t +e+
o, = e tiv) =+ Wy +ivy) —+ea@+et ()

= (u, + ivx)i—j(—vx + iux)i—}zl +&(z) + &+ (2)(3.10a)
In other words, f (z) exists and is such that f (2) = u, + iv, = =iy, + v,

Theorem: The function f(z) =u(x,y)+iv(x,y) is different a point
z =x+ iy if and only if the partial derive Uy, Uy, Uy, Uy are continuous
and satisfy the Cauchy-Reconditions in a neighborhood of z.

Definition: f(z) is analytic at a point z, if f(z) is differentiable inthe
neighborhoodof z,.

f(z)is analytic in a region R if it is analy at every point in R.

Remarks: 1/if f(z) is differentiable, the level curve of u(x,y)=
Re (f(z)) and v(x,y)= in (f(z)) are orthogonal every point where
f(z) # 0.

Indeed,

Alf @D =w?+v2 =u? +v,% =|dul? (3.10b)
=vi+u,’ =|Av|?

i.e.Au # 0andAv # 0 if £ (2) # 0

VAU AV = u, v Uy ), = vy(—uy) +u,v, =0

i.e.Au 1 Av.
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2/ We will see lealer that if f is analytic; the it has derivatives of all

orders in the region of analyticity, and that u = Re(f) and v = Im(f)
have continuous derivatives of all orders.

So if f is analytic, then uxy and uyx are contain and are

therefore equal. Similarly, u,, = v,,.

Thus, u,, +uy,, =u, —v, =0
Uy Uy, =—V) +v,, =0 (3.11)

i.e. the real and imaginary parts of f harmonic functions in the region
of limit.

Examples: f(z) = e? = e**Y = e* cos (y) + i e* sin (y)

u(lx,y) =e* co(y) = v, v, =— e*sin(y) = -1,
i.e.fis analytic.

f@=z=x=iy u(xy =2 v(xy) =~y

u =0v, =-1+ u, (3.12)
Sof (z) = zis nowhere analytic.
Definitions:
f(z)is entire if it is analytic at every point in the complex plane.

A singular point is a point where f fails to be analytic.

Properties:

(i) Products of analytic functions and analytic quotients of analytic
functions are analytic unless the denominator vanishes.

(ii) The product rule, the quotient rule and the chain rule apply to
analytic functions.
3.2.3 Complex integration:

We will be interested in integrals of complex valued f on a
curve C in the complex plane.

Definitions:
(i) A curve of arc(C is simple if it does not intersect itself.

(ii) A contour is an arc consisting of a finite number of connected
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smoothed arcs.

(iii) A Jordan contour is a simple closed contour.

Considers a parameterization given as: z = z(t) = x(t) + iy(t)a <t < b.
Then [. f(z)dz = ff f(z())z (t)dt if f is piecewise continuous.

Remarks:

1/ suppose that f(z) is analytic andF (z) = f(z). Then,

! b ! ! b
dz = F(dz)=| F dt = [|F
|| r@az=[ Fan=|F@o)x o= Feom

= F(zb) — F(z(a)) = F(2,) — F(z1) (3.13)

Where C is a contour lying in the domain of analyst of with endpoints
zyandz;.

In other words, the integral of f is path-independent.
2/ Note the analogy with vector calculus in the plane.

3/ The fine integral does not depend or the choice of parameterization
for the contour C.

Examples:
1/ Evaluate [ ¢ Zdzwhere C; is a straight line between (0,0) and (1,1)
z=t(14+i) 0<t<1

b
jcz‘z=]ct(l—i)(1+i)dt=Ja2tdt=[t2](1)=1

Evaluate [ ¢ 2dz where (; is the straight fine from (0,0) to (1,0) and
straight line from (1,0) to (1,1)

(1,0)

(0,0) (1,0)

1 1 t2 1 1 1 1
J z‘dz=jtdt=J(1+it)idt= — +J(i+t)dt=—+i+—=1+i
c c 0 210 Jo 2 2
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So the integral of Z is path-dependent. This is due to the fact that 7 is
not analytic.

2/ Evaluate [. dz along the 2 contours described above since

z= ;—Z(%Zz), the integral is path-independent and fc dz = zdz =

1 ,
E (1 + l)z .
3.2.5Cauchy’s theorem:

Definition: A domain D is simply connected if every is closed contour
within it enclose only points of D.

Simply connected not simply connected

Cauchy’s theorem: If a function f is analytic in a simple connected
domain D, then

gﬁc f(2)dz=10 (3.14)
Along any simple closed contour C in D

Proof: 1/ we assume that f (z) is continuous in D(which is time)f(z) =
u(z) +iv(z);dz = dx + iw

$. f(2)dz=¢. (udx —vdy) +i¢. dvx+udy (3.15)

Recall Green’s theorem: F = (ﬁ)vector field then

. F.dr=4. (%— Z—Z) dxdy +i [ Z—z — z—;) dxdy If we assume that the

partial derivative of u and v are continuous in C and so we can write

that
jg (2d _f (—av au)d p +,jg (—av au)d 4
sz Z_D ox 0Jy xle ox 0dy g

=¢ (u, —u,)dxdy +i$ (u, —u)dxdy =0 (3.16)
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Since D is simply connected (no hole) and the derivative of and v are
continuous

2/ In fact there is a more general proof due to Goes which shows that
if we only assume f analytic.ie,f’(z) exits in a neighborhood of z, the
above theorem is still valid.

Theorem: If f(z) is continuous in a simply connected domain and if
[ f(2)dz = 0 for every simple closed curve C lying then there exists a
function F(z), analytic in D, such that F'(z) = f(2).

Proof: Consider Zy,z CD and define F(z) = fZZO f(s)ds

Then fro h such that z+ h €D,

F(z+h) —F(h) = fZZO+hf(s)ds — [} f(s)ds (3.17)

The triangle with vertices (zg, z,z) makes a closed curve in D and with
Cauchy’s theorem.

Z+h

i.e.

- f F(@)dz + f " dz+ f Z:hf(Z)

0

jzf(z)dz + Lz+hf(Z)dZ + f:)hf(z)dz

Thus, F(z+ h) — F(z) = fZZ+h f(2)dz

F(z+h)—F(z)

And since f is continuous, lim,_. -

= f(2) F is differentiable
and F'(z) = f(2) for every z inside D.

Remarks: 1/what if we have a non-simple contour?

95
IDOSR JOURNAL OF SCIENTIFIC RESEARCH E. BOOK, 1-295, 2020.



www.idosr.org/E.BOOK Ugwu

Break the contour into a collection simple contuse (which is possible
an as the contour intersects itself a finite of time), and apply Cauchy’s
the to each simple contour.

2/ Ho to deal with multiply connected demarches?

We introduce cross-cuts which connect his simile closed curves the
domain of analycity of f.

Since C is « simple closed curve, and since f is analytic in D

0= f f(2)dz + f f@dz+ | f(dz+ | _f(2dz+ | f(2)dz
¢ Cq Ly Ly

G

In the limit L; = L,, ¢; = C; and C, — C,, and

[, f(2)dz + 3.18)

i.e. 0= fcl f(z)dz + fcz f(2)dz i.ewe still have Cauchy’s theorem but
for the sum of the 2 contours C;&C. Often, the contours C; andC, will

have the same orientation and

J;, f(@dz =], f(x)~>0 (3.19)

As long as C; and(, lie in thg domain of Canalycity of D
2

In other words the contours C; can be deformed into the contour(,.
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1 dz
Example: Evaluate I =_—¢, —ay

contour, contour counterclockwise if it does not liein C, I =0

m = 1,2 where Cis a simple closed

2/ If it lies in C, since f is analytic everywhere but at z = ¢

C

theng, f(z)dz 4561 f(2)dz

Where C; is cancelled, the radius of f is a thus making z = a and strictly
inside C.

With z = a = r? | we get

2m 1 )
) f(2)dz =f0 o rel®idf =
1

i -
j ez(l—m)Bdg —
ru—1J,

i 2r if m=1
ru—1 0 if m=#1

2r if m=1

ieI—l 2 dz
Al 0 if m#1

T 2100 (z—a)m

(3.19b)

Example: Let f(z) = A(z — a;)(z — a;)(z — a,) be a polynomial of degree

n
Then, ~® =L 4 1L 4.4 1
p(2) z—q Z—y Z—p
and therefore L ) L&) 4z = number of roots of P lying where C is a
2mi °C p(z)

simple closed contour which dges not go through any of the roots, and
which is oriented counterclockwise.
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3.2.6 Cauchy’s integral formula and its derivatives

Theorem (Cauchy’s integral formula): Let f(z) be analytic intern to
and on a simple closed contour C. then, at any into point,

__l g F@
f(2) = p $, v dz. (3.20a)

Proof:
Take z inside C and draw a ci of radius r centered at z shanty.

Then

Jo Bay =], 2ay (3.20b)

C

@Cl

f¢6 .. f(2) f&)—f@
cf_zdf_clf_z-l- ¢ § —z %
= f(2)2mi + wdf

o § —Z

f(f)—f(Z)dE ‘<f£ &) - f(2)I
c

d
o € -z T P

If r is chosen small enough, |f(§) — f(2)| < € and

jg lf () — f(2)
C1 1€ — z|

ETMTE
= 21e

&
dg1< gl ==
1

In other words, Vz>0 3r, r<3r — |9361( y & -z
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So lim,,_, 99C1(r)lf<f§>_:f;<z>ldz =0 (3.21)

Theorem: If f(z) is analytic interior to and on a simples closed
contour then all the derivatives f (h)(z),h =1,2,--- exist in the domain
intoed to C and.

-3 e

1 o fEt)f@) _ 11 1
Proof: 1/h =1 consider — =—=¢ T

fz+h)—f(2)
e. A

_ 1 f’g f(2)h g = 1 f(z)h
zhif, T —GrIE —4° i — @+ hIE -2

_ f(&)
_Znhijg (& —z)Z—h(f—z)dSZ

3.2.7 Cauchy’s residue theorem and contour integration
Theorem: Let C be a simple closed contour inside and on which f is
analytic, except for a finite number of isolated singular points z,-:, z,
in the interior of the region bounded by C. Then,

$f(2)dz = 2mi ¥}, (3.22)

Where q; is the residue of f(z)atz = z

=) ¢

By introduces crosscuts as show on the figure, we have

Proof:

z
N

$ f(2)dz = 2mi 3, $, f(2)dz (3,23)
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But since f is analytic in an anulus centered at each z;, it has a
laurent expassion in A4; given by

+0o0
f@= ) Cie-z)

n=-—oo

Where C, = 2%4% f(2)dz = a; is the residue of f a z;

[Recall: C 1 jgci (f(z)dz

" 2mi z — z;)"t1
Therefore, §. f(2)dz =3\, q (3.24)
Examples:
1/ Evaluatei, = z%fﬁc z" dh h € Z, where C is the unit circle centered

at the origin.

If h > Oor h < —2, the residue of z" is zero, so i, =0

Ifh=-12z"= % and the residue is 1, so that i, =0
Therefore,
1 Oif h+ -1

i hdz = =

72 A el L7 .
2/ Evaluate [= gﬁc 2*2 17 where C, is the circle of radius

2 z(z+1)
2 centred at the origin.
AR
C;

0 R

We write —— 24+ —L

z(z+1) z z+1
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242 .
andl = gﬁcz Y dz =2mi(2-1)

i.e.
[ =2mi

?(z
3/ suppose f(2) = 2

z = zy and m is a positive integer.

where @(z) is analytic in a neighborhood of

What is the reside of fat z,?

Since @ is analytic, it has a Taylor series near z = z,

i.e.0(z) = %o 0™ (29) (z — 2)" ™

. . P (z4) .
The residue of f at zyisthen | =% _¢ |for a simple
pole, (m - 1)!
C_1 = 0(z) = Zli_glo[f(z)(z — 29)]
Similarly, if f(z) = % and D(z) has a simple pole at z = z;, the
residue of f at z = z; is %, where

¥)andd(z) are both analytic in a neighborhood of z,

° Evaluate I = i 32+l dz where C is the circle of radius z at
2mi € z(z—1)3
the origin.
[ 1 d? (3z+1> 3 1+1d2
B 21dz? z lz=1 = 2dz? lz=-1
=—1+-(2)=0
- 2 - 0=1

e Evaluate | = ﬁgﬁc cos zdz where C is the unit circle centered at
Ccos Z

the origin. Not z = =
sin zZ

Sin z vanisheo at z = nmw so cosz =
the unit disk.

% has a singutanitly at z =0 in

Sin

cos (0)

The residue is given by ]
z=0

1
Thus, —¢. cotzdz=1
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Evaluation of indefinite integrals on the real line,

In this case, we are interested in integrals of the form

+0o0
I = f(x)dx
. lim a lm a
(I) converges if ¢ o +oo J_, f(x)dx and 5 +oo J.,f(x)dx are both

convergent.

We will often consider integrals of the form

lim :
I = d
Lf(X) x

P ¢ 5 4o
Which is referred to as the Cauchy principal value at infinity of f.
Note that [, may converge aqnd [ diverge.

The idea is to introduce a contour in the upper of lower half planes as
shown below:

And compute _cﬁc f(z)dz using Cauchy’s residue theorem.

Often, fCR f(2)dz - 0 are r - o, where C; is the are z=R°° 0 <6 <.
As a consequence,
+oco

_lim
} f(x)dx—R_)ooi f(z)dz

It, of course, fj;o f(x)dx converge. We often use the following lemma,
called Jardan’s lemma.
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Jordan’s lemma: Suppose that f(z) » 0 untformly as R - o on the
are Chz=R¥ 0<0<m (i.e. [f(R®Y)|<G(R) and G(R) -0 ad R - »).
Then,

lim
R — o0

e’ f(z)dz=0 h>0
Cr

Proof: |fCR eihzf(Z)dZ| < J‘O”leih(cose +i sin B)Rf(Rei B)Reie id@l
/s
— f e—hRsin 9|f(Rei9)|R do
0

< [ e hRsnOG(R)R df (3.25)

. . 26
Since sinf > — for0<6 < %, we have

o p2e ‘ -
< j e "% G(R)R db +J eth Rsin(6—m) ¢(RYR d g
0 Ty

0 T
el Rsinu G(R)R db =J
0

f e f(z)dz
C

R

l2

j eh Rsin @=mG(R)R d =f e " RSMUG(R) RAO
"/

2 =T/

ihz Ty ~hRE
Thus |f, ef(z)dz| <2 [,"2e™ "% G (R)R dO

= [-2 cme™ 7| NQZ (3.26)

= 6(5)" (1-eh"®)50as >
Since G(R) - 0 as R — oo.
Examples:

o x2
1/Evaluate [ = [ =

—o xU¥+1

dx

(Note that I converges. Jordan’s lemma does not apply)

Xt +1= 007" - 1(x)z? = i = e"/2(=)z = eli3)

+iR
Cr
22 Zl
—R of ~ R 103 R
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7% d* T R3
f 2 S 77
cp Z +1 R*—1

—>asR - 4o

(This is not Jordan’s lemma). Then,
400 xZ ZZ
= dz.
f_oo x“+1dx fcz4+1z

2
We now use Cauchy’s residue of f(z)=zf+1at leg(1+i) and

Zy = g(l + 1), respeclirely.

207/, 2031/,
al =e—_=le_in/4 aZ =e—=le_30in/4
Lo 1N AT
a1+a2=Z(€_l /4+€ 3ln/4)=Z(1—l—1—l)7=—Tl

Thus,

I Ll ALY

T
2 V2

j-+m xZ \/i T

2 /Evaluate I=R f+°°w

—00 x2+-y2

dx y>0
«, B realand /o</#/B/

sin(x x) cos(Bx) = %(sin[(oc —p)x] + sin[(x | + p)x]). We can then write x
as

= f+oo X (sin [(x—p)x]+sin [(<|+p)x]) dx = Im(J) Where

—o x2+72

ei(x—ﬁ)x +oo ei(x+ﬁ)x
S dx+ j i
x% +r? x% +r?

J=h+t]2= J_ij

—00

We now use complex integration to evaluate J;and Js.

0 R

Hy4
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If we use a semi-circular contour, we will have to apply Jordan’s

lemma. If «x —f > 0 we use the contour C{ in the upper half plane and

get.

Zei(oc—ﬁ)z

|

+ Zz+]/

2T

But if x—-f<0, we
half—plane.

) dz = 2mi = Res

Zei(oc—ﬁ)z

[

Tt e —(x—=B)z

")

C+rinG-i)'"
iye_(oc_ﬁ)z
2iy

have to use the contour (C; in the lower

Then,
Zel(x=B)z Zei(x=B)z
———dz = —2mi Res —1i
fc_ 22 + 2 <(z Y iz —iy) ”)
—jyp—(x=p)z
Y8 T petp)
—2iy

Therefore, J; = sgn (< —B)mie 1*=Fl¥

Similarly,/, = sgn (« +p)mie~1*=Flr

Therefore
I = msgn(ec +B)e™ PV + 1 sng(ox +p)e~ 1Al

3/ Evaluate

“  dx
I=| —= a>0
0o X3+a
. m+2nm
3 +ad=0=)z3=-a=ae™(=)z=ae” 3
AR
CZ -1 ~~< L'T[/
3
e ~eae \
/ \\
/ \ CR
aeirr \

- aef70n5/3 =qe /3
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. 1 .
We cannot use a semicircular contour because o has a singularly
atz = —a.

On Cr,

f dz <f |dz|
2 ta| ), RP-a’
2
“R3—a3R-o

dz dz
AsR-o oo, [ ——>f —
'fCL z3+a3 fo x3+a3

How to choose C,? on C;,z = re'f:

f dz jo dr e'f2

3 3= 3,30 3
c, Z2°ta to e’z +a
3

If we pitch 6, = ?n Cr3 e3i0 =3 I =3 gnd

f - 3:—f - 3dr=—e‘2n/3 L.
c, 2 +a a’+r
. 1 l'TL'/ _ izT[/
Thus, 27i Res (m,ae 3) =1(1-e?"/3)
1 2mi

e—2i1r/3

i.e.1(1—e?"/3) = 2mi =
( ) 3(aei73)2 3 aZ

o 2mi e2im/3 2mi e ™ +2 mi
lL.e.l = - = - - =
3 a?(1-e?'/3) 3 ate™—emP 3q29i5in (%)
s
B 30283 B 2m =1
2 3v/3a?

4/ Evaluate

+00 ex
I=J_Oo 1+exdx 0<Rep<1

14+e?2=0(=)e?=—-1=¢e"(=)z=i(r+ 2nn)
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—3ir
CZ
_ R
CI%) — T C%
—R 0 Cy R R
— i
—t 3ir

We don’t want a contour which goes toowo in the direction of the
imaginary axis since we would have an infinite number of singularities
inside the contour.

So we take a rectangular contour C = C,UCAUCAUC3.

OnCiz=R+iy 0<y<2nm

eP? 2n opRe=ipy
fmuexdz:fo T ofe-v 4¥and

R

J eP* p
c11+e” d

R

2 ,pR PR
P 2
Sf - R dy = 7T3R 20
o 1te 1+efR—>

Similarly, z = R + iy onC3 and

c31+e’ 15T+ ef " R0

On C3,z = +x + 2mi and

eP? —R ePRe—ipy ) +R eP*
f dz = f — dx = —e?mp f dx
c

2 1+ e” g 1+etre g 1+e*

Therefore,

§ ey [
c 1+e* 7= ¢ e 1t+et* ¥

And with Cauchy’s residue theorem,

eP? eP? e'rm
f dz = 2mi Res( ,2m’> -
c

1+e* 1+e* e’
= 2mi ellp—m
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Therefore,

eP? 2mi el@—Om 2mi e ™
X = R — :
c 1+e* 1 — e2mip e~imp — epm
2mi e ™ s

T 220 sin(pm) - sin(pm)

] eP? /s
i.e. ~ dx = —
c 1+e sin(pm)

5/ Evaluate

+0o0 er — ePx
f ﬁdx 0<pqg<l1

—00

Note that though 1 —e* vanishes at x = 0, this integral is convergent.
We will introduce 2 integrals,

+o00 er +o00 er
]p=f_oo 1_exdx anqu= J_m 1_exdx

wheref means the Cauchy principal value. It is defined as:

i +00 +00 +00
Zzzno + <f_ +f_m >f(x)dx = | feodx

In other word,

o ePx . .
f_+oo f_ex dx is not convergent but the divergingContribution cancel out so

that the limit as § - 0 + of ( fj: f(x)dx + f:w f(x)dx) exists.

We will use contour integration to evaluate each of the Cauchy
principal value integrals.

1—e?0(=)e* =1 (=) z = 2inn, ne2

Pz

So =

1—e?

singutation at z = 2inn, ne2.
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3.2.8 POLAR AND RESIDUES

Definition:

(i) If f(2) (or any single-valued branch of f(z) is analytic in the region
0 <|z—2zy| < R and not at z,, then z = z; is an isolated singular point

of f(x).

(ii) If z =z is an isolated singular point and if f(z) is bounded, then
z = 7z, is a removable singularity.

The lament since of f is f(z) = X%, C,(z = zy)" with 0 =C_;,i > 1,f(2)
is power series. This expansion is valid for every |z = z)| < R except at
z =zy. But we can make of f analytic in |z =z,| <R by redefining

f(z0) = Co.

d(z)
(z=zp)"
analytic and@(zy) # 0, then z =z, is a pole at orders noff. If n=1,
z = 7, is a simple pole of f.

(iii) If we can write f(z) = in a neighborhood of z =z, with @

The coefficient C_, is called the strength of the pole.

(iv) If the principal part of f(z) near z = z, has an infinite number of
terms, then atz =2z, hasan essential singularity or an essential
singular point.

(v) A function which has only poles in the complex plane is called
ageomorphic function.

(vi) The residue of f(z) at z =z, is the coefficient C_; of the Laurent
series expansion of f abut z = z,

Example: 5

Find the laurent expansion of f(z) = ﬁ for |z| > 1

1 . 1 1\"
— = . Since — = Y>"_ (——) we get
e gy Sinee g T B (73] e s

[oe] [oe]

1 1
152 = ;Z(_l)n z "= Z(—l)n Z(n+1)|Z| >1

n=0 n=0

Note that the Laurent expansion for |z|> 1would be

f@) = Eieo(=D" 2"

Example 6 Describe the singularities of the function

_z2-2z+1 _ (2-1)?
f(2) = 2(Z+1)3 f(2) = z(z+1)3

has a simple pole at z = 0 triple—» z = -1
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Near z=0,f(z) = i(l —-2z+2z2)(1=3z+ )

1 1
_5(1_Z+...)_§_5+...

1 (z+41-2)2 1 1
(z+1)3 (z4+1-1)  (z+1)32

Near z = —1,f(z) = ((z+1)?-4(z+ 1) +4)

Ugwu

. =— (1 D+-)d—4z+1)+ -
i.ef(2) (Z+1)3( +(@Z+D+-)( (z+1)+-)
1 4 0
——(&1)3(4—0(z+1)+---)——(Z+1)3+(Z+1)2+---
Example7 Describe the behavior of the function f(z) = ZZS:Z
Nearz =0
. ad (_1)jZZj+1 23
San—ZW—Z—F‘F‘“
j=0
O P S ALY PRMEP PN S
fZ_Z(Z_f_i_m)_ZZZ 6 T z2 z 6
6

So f(z) has a double pole at z = 0 with strength 1.

1
z /2—
Example 8Discuss the pole singularities of f(z) = Zi 11
t+1)'2-1
f(z) = fwhere z—1=t

If we take the positive branch of the square root, we have

11
\/1_+t=1+§+—§t2+---

t 1
24

_23 1t .21
And f(z) = - S —gtt >

Q| =

-1+

If we take the negative branch of zl/ 2, we have

= VIdt=14—d——tZt.
d 2773
E_lt2+... 2 1 1
— 2 3 — - = - —_ e
And f(2) = —— =—-—s+t
__2 1.1
=—;—1 2tg®= D

110
IDOSR JOURNAL OF SCIENTIFIC RESEARCH E. BOOK, 1-295, 2020.



www.idosr.org/E.BOOK Ugwu

So depending on the branch we choose, f(z) is other analytic in the
neighborhood of z = 1 or has a simple pole at z = 1 with strength 2.

6/ The residue of atz=z, is the coefficient C, of the Laurent

series expansion of f about z=z,

Examples:
9 Find the Laurent expansion of f(z):li for
+7Z

1 1. 1 &( 1Y
HE = since — = Z(——j , We get

1+2 2(1”) 1., =02

2 z

11

R NCE SR (Bl

n=0

Note that the Laurent expansion for [z/< world be

2
10 Describe the singularities of the function f(z)= 22(_—221}1
Z+
(z-1)° : .
f(z)= ~has a simple pole at z=0 triple z=-1
2(z+1)

z=0, f (z):l(1—22+22) (1-3z+...)
Near 12 .
—= (1-52+111)==-5+...
Z 2

Nearz =—1, f (2) =(2i1)3 ((ZZ++11__21)) :(211)3 %((z +1) - 4((z+1)? +4))

111
IDOSR JOURNAL OF SCIENTIFIC RESEARCH E. BOOK, 1-295, 2020.



www.idosr.org/E.BOOK Ugwu
ie. f(z)= S(1+(z+1)+..) (4-4(z+1)+..)

(z+1)

___1 5 (4-0(z+1)+..) =— 0 .

(z+1) (z+l)3 (z+l)2

z+1
zsint

11 Describe the behaviour of the function f(z)=

Near z=0.

2
Sin f(z) =Z—+31 =i2(z +1)(1+%—11]=i2+%+%+...
z(z—z6+1nj ‘ :

z+1 1 At 1 11
f(Z) :m ?(Z'f‘l)(lﬁ‘g—llj:?"'zﬁ'g"'...

z—Z—+1n
6

So f(z) has a double pole at z =0 with strength 1.

% _
12 Discuss the pole singularities of f(t)= Zz 11
o _
f(z) :wwhere z-1=t
If we take the positive branch of the square root, we have
t e,
JIrt = 1+% +—ét2 +..and f (z) :%-% —%t+...:%—%(z—l)+...

If we take the negative branch of z }/ , we have

=—Jl+t= -t 55 t2
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11,
2-Z+it -

and f(z7)-—2-8— - ———%t—...

So depending on the branch we choose, f(z) is other

analytic in the neighborhood of z=1 or has a simple pole at

z=1with strength -2.

Examples:
13 Find the Laurent expansion of f(z):ﬁfor
+
|z|>| L __ ! _ Since %:i(llj ,we get
1+72 Z(;+1j E+1 o\ Z

1 1 N (ne
1722 _0(—1) 2™ 7).

Note that the Laurent expansion for|z|>| would be

14  Describe the singularities of the function

2 12
f(z)= ro2ztl z)= (1) has a simple pole at z=0triple

2(z+1f z(z+lf

z=-1.

z:O,f(Q::%@r22+f)a—3LhJ

1
z

Near

(1-5z+111) :% ~5+...
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Near z=-1,f(z) :(zil)s ((Zz++11_—21)) :(211)3—%((z+1)2—4(z+1)+4)

N f (z):(zjrll)3 (1+(z+1)+...)(4—-4(z+1)+...)
1 4 0
- _(Z+1)3 (4-0(z+1)+...) =—(Z+1)3+(Z+1)2 +...

15 Describe the behavior of the function f(z)= z+1 near

zsint
z=0.
__ +(z+1)+...)(4-4(z+1)+...
Sin f()_(z+1)3 ezt Ja-alzae-)
1 4 0
:_(Z+1)3 (4_O(Z+l)+”'):_(z+1)3+(z+1)2 +..
f(z):z—”:iz(z+1)[1+§-..}=z—1z+%+%+...

z(z—z3+1n] :
6
So f(z)has a double pole at z=0 with strength 1.

3.2.9 Groups, Rings and Fields

We recall that by a binary composition on a set S, we mean an operation that
joins two elements of S to give a unique element of S. An easy example
would be that of the usual addition on the set N of natural numbers. For, we
know that if a, be N then a+b is 1 unique natural number suggesting
thereby that addition + is a binary composition on the set N of natural
numbers. There can, of course, be any number of binary compositions on a
set. We now define a system to be given the name of a group.

Suppose G . Then is a non-empty set and * (star) is a binary composition on G.
then G is said to form a group with respect to if

(1) Associativity. a*(b*c)=(a*b)*c, Va,b,c,eG.

114
IDOSR JOURNAL OF SCIENTIFIC RESEARCH E. BOOK, 1-295, 2020.



www.idosr.org/E.BOOK Ugwu

(i)  Existence of Identity. such that
ae=e*a=a VaeG
(iii)  Existence of Inverse. For every ae G, Ja'e G
(depending upona), such that
a*e=a=a *a=e
REMARKS
(a) Since * is a binary composition of G, it is understood that Va,b € G, a *
b is a unique member of G. This property is called the closure property.
(b) If in addition to the above axioms in the definition of a group
axb=>b=+*xaVa,b € G.
We say that G forms an ahelian group (or a commutative group). Any
group, not satisfying this property is called a non-abelian or a non-
commutative group.
(c) One can use any symbol for a binary composition but the most
commonly used are
*0,0,0, ,+ .etc.

(d) Generally, the binary composition for a group is denoted by ( dot as it

makes it more convenient to write all the axioms (and they look so
natural tool). So G forms a group w.r.t. the binary composition. if

(1) a(b.c) = (a.b).cVa,b,c €G

(ii) Je € G,s.t, a.e=e.a=avVa € G

(ili) Va € G, Ja’ € G (depending upon a) s.t.,

a.a =a.a=e.
In fact, we’ll drop (.) dot, too and will write ab in place of a. b.

(e) Whenever we say that G is a group, it will mean that there is some
binary composition on G and it forms a group w.r.t. that composition
[w.r.t. = with respect to].

Definitions: L group having finite number of elements is called a finite group.

If it contains infinite number of elements, it is called the order of the group.
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Let us now consider a few easy and simple examples.
Example 1: The set Zof integers forms an abelian group w.r.t.,, the usual
addition of integers.
Solution: Let us check all the properties in the definition of a group.
(i) Closure: If a, b € Z be any two integers then we know thata + b is a
unique integer = + is a binary composition on Z.
(ii) Associativity: Let a, b, c € Z be any three elements, then
a+(b+c)=(@+b)+c (4.1)
Is known to us.
(iii)  Existence of Identity: We know that 30 € Z
st,a+0=0+a=aVa€eZ
= 0is identity element in Z
(iv)  Existence of Inverse: If a € Z is any member, then 3 — a € Z, such
thata+ (—a) =(—a) +a =0
= —ais inverse of a
Hence each element of Z has an inverse
(v)  Commutativity:a +b =b +aVa.b € Z
is also known to us.
Hence < Z. +> forms an abelian group.
Example 2: The set Q of rational numbers forms an abelian group w.r.t., the
addition of rational numbers.
Solution: One can easily verify all the axioms as above and thus < Q, +>
forms an sbelian group.
Groups, rings and fields
Example 3: < R, +>,whereR is the set of real numbers and + if the usual
addition forms an abelian group.
Solution: Similar to Examples 1 and 2.
Example 4: If Q' is the set of all non-zero rational numbers and (.) denotes the
usual multiplication then < @ ,.> forms an abelian group.
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Solution: It is again easy to verify all the properties. Note I will act as identity
element and 1/a as inverse of any a € Q (a # 0 given).

Example 5: Let G be the set {1,—1). Show that this forms an abelian group
w.r.t usual multiplication.

Solution: We note
11=1€aG
1.(-1)=-1€aG
-D.(-1)=1€a
=is multiplication is a binary composition on ¢ i.e., closure property hodls.
Againa’.(b.c) = (a.b).cVa,b,c € G
is clear by giving any value 1 or -1 to a, b, c.
Commutativity is also obvious.

Existence of Identity. We observe.

al=1.a=avVa€G

1.1=1=1

as

-D1=1.(-1)=-1

= 1is identity.

Existence of Inverse. Since

1.1 = 1.= 1 (identity)

1is inverse of 1

Again as (—1).1 = 1.(—1) = —1 (identity),

—1is inverse of —1.

Thus each element has an inverse.

Hence < G,.> is an abelian group.

Example 6: If ¢ = {a} and * is defined on G by a * a = aVa € G, then show
that < G,*> forms an abelian group.

Solution: Left to the reader as an exercise. Note that a is identity and is its

own inverse.
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Let us now consider some examples of such systems that do not form a group
(although they are very nearly groups).
Example 7: Does the system < Z,.> form a group? Where Z = set of integers
and * is usual multiplication.
Solution. It is easy to see that * is a binary composition onZ. closure
axiomholds.
Again a.(b.c)=(a.b).cVa,b,a€Z

a.b=b>b.a

So associativity and commutativity also hold.
Alsosince a.l=1.a=aVa€Z
1 is identity element.
Finally we note that every element of Z does not have an inverse. For

instance, # any integer a such that
2.a=a.2 =11i.e,2hasno inverse.
=< Z,:>is not a group.
Example 8: If Q = set of rational nos., and (.) is the usual multiplication then
show that < Q,.> does not form a group.
Solution: If we see Example 4 we note all the properties in the definition of a
group are satisfied here, except the last one as 0 has no inverse.
3.2  Some Properties
If < G,.>is a group, then

(1) Identity element in G is unique

(2) Inverse of each a € G is unique

(3) (a1~ = a. Va € G, where a™! stands for inverse of a.

(4) (ab) ' =b"la"lva, bEG

(5) Cancellation laws:

ab=ac>b=cVa, b€eGQG.

ba=ca=b=c.
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Proof: (1) Suppose e and e are two identity elements in G. Then, since e is
identity and e’ € G

ee=ee=e.

The two taken together = e = e

Hence identity element is unique.

(2) Let a € G be some element and let x, y be two inverse elements of a in G.

Then ax =xa =e
ay=ya=e
X = xe
= x(ay)
= (xa)y
=ey =Y.

Hence inverse of a is unique
We shall always denote the inverse of a by a™!.

(3) Since a™! is inverse of a

But this also implies that a is inverse of a™!
=>q= (@)L
(4) We have to show that inverse of ab is b~'a™L.
we have to show that

(ab)(b™ta™) = (b la 1) (ab) = e
Now

(ab)(b~'a™") = [(ab)b~']a”"

= [a(d~H]a™
= (ae)a™!
=aal=e.

And (b'aVH(ab) = [(b~'a Da]lb
=[b"'(a"ta)]b
= [b~te]lb~ b =e.

this proves the result.
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(®5)  Suppose ab = acforsome a,b,c € G
we have b=eb

= (a ta).b
= a!(ab) = a '(ac)
=(ala)c=ec=c.

Thus ab=ac=>b=c

This is called left cancellation law.

We leave it to the reader to prove the right cancellation law i.e.,
bc=ca=b=c

We now consider a few examples.

Example 9: Show that the set Q* of +ve rational numbers forms and abelian

group w.r.t. the composition * defined on it by

b=—
a * >
Solution Closure: Let a, b € Q" be any two members,
then axb= % €EQF

as% will also be a +ve rational number (and it is unique), thus closure holds.

Associativity: For any a,b, ce Q™

ab

a*(b*c)za*(ﬂ)_acf)c_abc

2 2 4
> (a*xb)*xc=ax*(b=*c)Va,b,cc € Q"
Comutativity: a * b = % = %a =bx*aVa,b € Q™.

Existence of Inverse: Let a € Q* be any element
Now a’ will be inverse or a if and only if
axa =a *a = 2 (identity)
aa _aa

S —=—=2
2 2

Saa =aa=4
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oad =-
a
.4 :
Since — € Q" whenever a € Q*. we note that each a € Q™ has inverse, namely,
4
=,
Hence < Q*,*> forms an abelian group.

Example: 10: If Z is the set of integers and * is a composition defined by

a*b=a+b+1

onZ, where + is the usual addition, then show that < Z,*> is an abelian group.

Solution Closure: Let a, b € Z be any two members, then
a*b =a+ b + lalso belongs to Z.
So closure holds.
Associativity: For any a, b,c € Z,
(axb)*xc=(a+b+1)*xc=(@+b+1)+c+1
=at+a+c+2
ax(bsxc)=axb+c+1)=a+b+c+1)+1
=a+b+tc+2
(axb)*c=ax(bx*xc)Va,b,c€Z

Existence of identity. e € Z will be the identity
ifaxe=exa=ava€Z
leta € Z be any element, then

axe=a+e+1
Now atet+l=aeoe+1=0

Se—1

Thus —1 can act as identity.
Existence of inverse. For any a € Z, a’ will be inverse of a, if

axa =a xa=-1 the identity)
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ie,ifa+a +1=a +a+1=-1

or if a=-2-a

Since for any a € Z,—2 —a € Z, we find that each a € Z has inverse,

namely, -2 — a.
Commutativity.ab=a +b + 1
=b+a+1 Va, € Z
=bxa
Hence < Z,*> is an abelian group.
Example 11: Let Q be the set of rational numbers. Define
G ={(a,b)|a,b € Q,a # 0}
Also define a composition *ob G by
(a,b) ** (c,d) = (ac,ad + b)
Show that < G,*> forms a non-abelian group.
Solution Closure: Let (a, b), (c,d) € G be any two elements.
Thena # 0,c # 0.
Now (a, b) = (¢,d) = (ac,ad + b) € G
as a,c+ 0 ac #0.
and also ac and ad + b belong to Q whenever a, b, c,d € Q
Hence closure holds
Associativity. Let (a, b), (c, e), (e, ) be any three members of G.

Then
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[(a,b) * (c,d)] = (e, f) = (ac,ad + b) = (e, f)a,c,e # 0

= (ace, acf + ad + b)
(a,b) = [(c,d) * (e, /)] = (a,b) * (ce,cf + d)

= (ace,a(cf +d) + b)

= (ace, acf + ad + b)

= Associativity holds.

Existence of inverse: We have
(a,b) *(1,0) = (a,a.v+b) = (a,b) = (1,0)0 (a,b)V(a,b) € G
= (1,0) € Gis the identity.

Existence of inverse: If (a,b) € G by any element then (c,d) € G will be

inverse of (a,b) if

(a,b) * (c,d) = (c,d) * (a,b) = (1,0)
Now (a,b) * (c,d) = (1,0
& (ac,ad + b) = (1,0)

©ac=1andad+b=0
1 b
©c=-—andd =- (a#0)
a a
NOTE: Since a # 0, we can talk of% clearly then G, - S) is the inverse of

(a,b).

Hence < G,*> is a abelian, consider the elements (2,3), (1,4) € G.

Now (1,2) * (1,4) = (2% 1,8 +3) = (2,11) and (1,4) * (2,3) = (1 x 2,3 + 4) =
(2,7)

Since (2,11) # (2,7)
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We note that < G,*> is not abelian.

Example 12: Give an example of a system < G,*> which satisfies all the

axioms in the definition of a group, except the associative axiom.
Solution: Let G = {0, 1, 2}
Define a composition *on G, by

axb=|a—b|
Closure: If a, b € G are any two elements (i.e., any of the elements 0,1,2)
Thena b = |a — b| € G is clear.
Thus closure holds and so * is a binary composition defined on G.

Existence of Identity: For any a € G.
ax0=|la—0l=a=]0—a|=0x*a
= 0is the identity elements.

Existence of Inverse: Since for any a € G,

axa=|a—al=

0. (identity)

It follows that a is inverse of a for any a € G.
We show now that associativity does not hold in this system.
We note that
1+(1*2)=1*(|1-2])=1+«1=[1-1|=0.
1+1D)*2=|1-1/*2=0%2=0-2| = 2.

= 1x(1*2)#(x1)*2
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=accociativity does not hold.

Example 13: Show the set G = {1, -1, i, —i} forms an abelian group w.r.t. the

usual multiplication where i = v—1.

Solution: We draw the composition table

I =1 i —i
I I -1 i -1
-1 o | I -1 i
l i —i -1 I
=1 —i i I |

Suppose we want to find i. —i then we locate i in the first column and -i in
the first row. The product (i).(—i) is given in the fourth row and fifth column

[fourth row is in which i lies and fifth column is in which -i lies]
Closure: Holds clearly by having a look at the above table.

Associativity and Commutability are also easy to verify. (In fact the above

table suggests that these properties hold).

Existence of Identity: We obverse

LI=11=1
—LI=1.(-1) = (=D.
i1=1i =i

—il=1.(=0)=—i
= [is the identity
Existence of Inverse. Since I.I = .1 = I (identity)
lis inverse of I.
Again (— I). (=1 = (=1).(=1) = 1 (the ; identity)
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= —lis inverse of - |

Alsoi.(=i) = (=i.i=—-i*=1

= —iis inverse of - i

Thus all the elements have inverse in G
=< G,.>is an abelian group.

Example 14: Let G be the set {e, a, b} and let a composition * be defined on G

by the following composition table

* e a b
e e a b
a a e a
b b b e

Does this system < G,*> forms a group?
Solution: Closure is trivial by having a look at the composition table.
Alsosincea*e=e*xa=a
bxe=exb=5»
exe=exe=e
eis the identity Again a*a=e=ax*a= aisinverse of a
bxb =e=bx*b = bisinverse of b
exe=e =ex*e = eisinverse of e.
Let us check associativity
Now (axb)*xa=axa=e
But ax(b*xa)=axb=a
and a+e
= Associativity does not hold.
Hence < G,*> doe not form a group.

Example 15: Let G = {0,1,2,3,4}. Define a binary composition & on G by
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a®b =c

wherec is the least non-ve remainder got by dividing a + b by 5.
Show that < G, ® > forms an abelian group.

Solution: The composition table would be

@ 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2
4 4 0 1 2 3

closure property holds by definition, since a®b can take values 0,1,2,3,4 only
and they belong to G [also, of course, a®b will obviously be unique].
Commutativity is again trivial as the remainder got y dividing a + bby 5.
Associativity: Let a,b,c € G be any three members. We show (a®b)®c =
a®(b®dc)
Let a®b = d
and(a®b)®c = abc =71

nowa@®b = d = d is the least non-negative remainder got by dividing
a®b by 5.

ie,a+b=5k +d

[for example,ifa = 3,b = 4,thena+b =7
and hered = 2,k; =1,s07 =5,1+ 2.

Again d®c = r = r is the least non negative remainder got by dividing d +
cby5.

i.e.,, d + ¢5k, + r for some k,

and, of course, 0 <r <5

Thusa+b)+c=d+ 5k +c

= Sk, + 1 + 5k,
=T+5(k1+k2)=k+r
0<r<5
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and
Hence r is the least remainder got by dividing (a + b) + ¢ by 5.
Again if a®(b®c) = s
then as above, s will be the remainder (least. non —ve) got by dividing
a+ (b+c)byb.
Butsince (a+b)+c=a+ (b+¢c)
the two remainders r and s will be equal thereby proving our result.
Identity: The composition table suggests that a0 = 0a = aVa € G
= 0Ois identity
Inverse: W note that 000 = 060 = 0

= (is inverse of 0

Suppose 0 # a € G be any element then5 —a € G

Also
G—-a)®a=0=ad(5—a) (defninition)
= 5 — ais inverse of a (a+0)

Hence each element has an inverse
=< (1 >is an abelian group.
NOTE: The above composition is called addition modulo 5 and is sometimes
denoted by @s. Thu 352 = 0.

One can define this composition in general on the set (0,1,2,3,-+,(n —
1)} where it will be called addition modulo n.
Example 16: Let G{1,2,3,4,5,6} and define a binary composition () on G by
a®b = ¢, where c is the least non negative remainder obtained on dividing

the product ab by 7. Show that < G, ©® > forms abelian group.
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Solution: The composition table will be

© 1 2 3 4 5 6
1 1 2 3 4 5 6
2 2 4 6 1 3 5
3 3 6 2 5 1 4
4 4 1 5 2 6 3
6 6 5 4 3 2 1

That the closure property hold is clear from the table. Also commutativity and
associativity are trivially seen to be true.
Again 1 acts as the identity element

Also 101=101=1

204 =402=1
305=503=1
606 = 606 =1

= lisinverse of 1

2and#4 are inverse of each other and so are 3 and 5.

Hence < G, ©® > is an abelian group.

The above binary composition is called multiplication modulo 7 and is
sometimes denoted by ®;or X;.

The following example gives us the general result.

Example 17: (a). Let S = {x € Z|] < x < n, where (x,n) =1I} and Z = set of
integers and by (x,n) we mean the Highest Common Factor (HCF) of xand n.
Define a composition *on S as:

For all a,b € S,a * b is the least positive integer obtained as remainder when
ab is divided by n. Show that < §,*> forms an abelian group.

Solution Closure: Let a * b = c for any a,b € S.

Then ¢ cannot be zero otherwise n divides ab, which is not possible as
(a,n) =1and (b,n) = 1.

Sol<c<n.
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Further if (c,n) # 1 then 3 some prime number p such that it divides

both ¢ and n, which means p being a prime, either p divides ab asaxb = c =
ab = c + kp for some integer k;p being a prime, either p divides a or p
divides b.
Thus, either p divides HCF of a and n or HCF of b and n which is
impossible as both (an) = 1 and (b,n) = 1.
Thus (¢c,n) =1
=>Cc€ES
=closure holds.
Associatitity: If a xb =rand (a*b) xc =1,
wegetr xc =1,
i.e, ¢ = 1, + kyn for some integer k; and
rc =nkyn
= (ab—kn)c =r, + kn
= (ab)c =1, + (ky + kio)n
which implies that r;, is the least non negative remainder got on dividing
(ab)c by n. Similarly if a * (b * ¢) = 3, then r3 is the least non negative integer
obtained as remainder when a(bc) is divided by n But (ab)c = a(bc)
> =1
=>(axb)*xc=ax(b*c)
Existence of Identity: Clearly 1 € S and
I*a=ax]=aVa€S
= [is identity of S
Existence of inverse: Let a € S, then (a,n) =1
So there exist integers x and y such that
ax+ny =1
Ifl<x<nand (,n)=1, x €S.
If not, then by division algorithm in integers 3 integers a and r such that
x=qn+r 0<r<n

Nowax +ny =1
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s>aqn+ar+any =1

>ar=1+(—aqg—y)n
Soax*r =1.Similarly r*a =1
Again if (r,n) # 1, let p be a prime number dividing rand n.
Then p will divide x.
SOP divideslad ax +ny =1
which is absurd.
Therefore, (r,n) = 1,hencer € S
Thus < §,x> is a group.
It is easy to verify that S is abelian.
Example 17 (b). Does the set A ={0,1,2,---,n — 1} with the operation of
multiplication (modulon) form a group for all positive integral values ofn
Solution: The answer is no
We leave it to the reader to reason whyithas an inverse!
Example 18: Show that the set G = {I,w,w?} forms an abelian group under

2

usual multiplication, where I, w,w* are cube roots of unity.

Solution: The composition table will be

I w w?

I I w w?
2

w w w I

w? w? I w

closure is easy to see from the above table.
I will act as the identity element
as [.IT=1=11
Lw=w=w.]
2

L.w?=w?2=w?2]

Iis clearly inverse of I.

Also as w.w? = w2 w = w?.[ (identity).
We note that w is inverse of w?
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andw? is inverse of w.

Asscoativity can be verified by the help of the composition table,
commutativity being obvious.

Hence the result.

Example 19: Show that the set of all 2 X 2 matrices over integers forms an

abelian group w.r.t. matrix addition.
. _ (rat
Solution: Let M = {(cd) la,b,c,d € Z}

Then clearly M is a non empty set.

Also-since for any two matrices AB € M,A + b is given a 2 X 2 matrix
belonging to M.

We note that closure holds.

Again the fact that matrix addition is both commutative and

associative proves the other two axioms in the definition of a group.

The matrix (8 8) will act as the identity and for any matrix

(? 2), the matrix (—a :Z) will act as inverse.

Hence the set M forms an abelian group.
[Render is referred to the Chapter on Matrices for the proofs of the above

results].
Example 20: Prove that the matrices (1 O) and (O 1) form a group under
0 1 1 0

matrix multiplication.

Solution: Let G be the set containing the matrices.

I = ((1) (1)) and A = ((1) (1)> Then we note that

=3 90 D=0 =+
=0 906 9= 9=
w=Q DG =€ -
= DO D=0 9=
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So closure holds.

lacts as the identity element.

Also A and I act as their own inverse.

Associativity can also be checked easily.

Hence the set G forms a group under matrix multiplication. [It will be and
abelian group.]

REMARK: Compare this with Example 5.

Definition If < G,.> is a group and a € G, then we denote a .a by a® which is
again a member of G. Similarly by a®, we mean a?.a. This notation can be

extended further also. One can show that

ataq® = g™

(@™)" =a™

a™™ = (a™) letc.
Example 21: If G is a group, such that (ab)? = a’b*Va,b € G, show that G is
abelian.

Solution: Let a, b € G be any two members

Then (ab)? = a?b? (given)

= (ab)(ab) = (aa)(bb) (Definition)

= (aba)b = (aab),b (Associativity)
= aba = aab (Cancellation laws)

= (Gis abelian
Example 22: If every elements of a group G is its own inverse then G is
abelian.

Solution: Let a, b € G be any two elements
= ab € G(closure)

= ab = (ab)™! (given)
=ab=b"1a’!

Butasa,b€G,a ' =abl=b

Thus ab = baVa,b € G

= (is abelian
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Example 23: A group G having three elements if always abelian.

(C.A., November, 1974)

Solution: Let G have three elements e, a, bsuch that eza=b [e being the
identity].

Now a,be=abeG (closure)
Thus either ab=e orab=aorab=b

Suppose ab=a

= ab=ae

= b=e (Cancellation law)
But this is not true. So ab # a

Suppose ab=b

= ab=eb

= a==e

Which is not true. soab = b

Hence ab=e =D isinverse of a

ie,b=a™

Thus ab=aa* =e=a‘a=ba.

Also clearly ea =ae, eb =be, ee =ee and so each element commutes with all
others.

= (is abelian.

Example 24: Show that for given a,bin a group G the equations ax=>0b
ya=Db

have unique solutions for X and yin G .

solution: We show that the equation ax =b has a unique solution of G, i.e., 3

a unique value of X, jn G which satisfies this equation.

Now, &=b  =a*(ax)=a"b

—(atajk=a’b

134
IDOSR JOURNAL OF SCIENTIFIC RESEARCH E. BOOK, 1-295, 2020.



www.idosr.org/E.BOOK Ugwu

= ex = a 'bwheree is identity element of G

= x=a"'b.
Now, a'beG as a,beG, and this is the value of x that satisfies the
equation ax = b.

Suppose now x = x, and x =X, are two solutions of the equation ax=b

Then ax, =b
ax, =b
= ax, = ax,

= X, = X, by cancellation laws
= solution is unique.
Similarly it can be shown that y=ba™ is the unique solution of the
equation ya=Db.
EXERCISES
1. If Q" = set of + ve rational numbers and * be a composition defined on
Q" by

a*b:a—b
3

Show that < Q" ,* > forms an abelian group.

2. Let G= set of all real number except —1. Define *

on Gby a*b =
+babVa,b € G. Show that <Q" ,*>, is an abelian group.
3. Prove that the set Q of all rational numbers other than 1 with the

operation * defined
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CHAPTER 4
4.1.1 FOURIER SERIES AND INTEGRAL TRANSFORMS

A Fourier series is a representation employed to express a periodic
function f(x) defined in a interval say -m,m. Fourier series are sines
and cosines and therefore if will be useful to state these properties of
sinnx and cos nx where n is an integer that make them continuous in
interval —oo < x <o or within other given range for instance: A
function f(x) is continuous at x = x, if f(x{) = f(x5) = f(0)

where f(xj) = lim f(x) isthelimasx - x,
XX

From the values x > xy and f(xy) = lim,_, f(x) is the limit as x > x,.In
a simple term, a function is continuous at every point a a < x < b.

One major characteristic of Fourier series is its applicability in
representation of a periodic function as already mentioned earlier. A
function f(x) is periodic if it is defined for all real x and if there is
some positive number say p which is independent of x such that
f(x+p) = f(x) for all x. This number, p is called a period of f(x) =
f(x+2p On other hand a periodic function is a function that is
repetitive in cycles of equal duration eg are e.m. f, a.c current etc.

f(x) =ay+a;Cos x +a,Cos2x ...+ a, Cos nx +
..+ by Sinx + b,Sin2x + b, Sin nx
= ag Yp—1anCos nx + Y7_1 b,Sinnx(4.1)

One should note that Fourier series expansion and the determination
of Fourier constant is valid under the following assumptions;

i. The expansion of f(x) in a series of sines and consines of integral
multiples of x is possible in the give interval.
ii. The given function f(x) is single-valued continuous and
integrable in the given ranges
iii.  The series
ay ¥, (a,Cos nx + b,Sin nx)® is term by term integrable. That is
the series is uniformly convergent in the interval (-, ).

iv.  The function f(x) satisfies Dirichlet

Let us suppose that f(x) is a periodic as already stated with period 2m
as given in equation (2).

Given such a function f(x), we want to determine the coefficient
a, and b,, in the series of equation (2).
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We first determine agy.integrating term by on both sides of equation (2)
from -m to m we have

f_’;f(x)dx = f_T;[aO +¥>_,(a,Cos nx + b, sin nx)] dx (4.2)

If term by term integration of the series is allowed, then we obtain.
J7 fedx # [ [agdx + Ty_y [ a,Cos dx + by, [ Sinnx dx] (4.3)

The first term on the right hand side equals 2ma,

All the other integrals on the right seen by performing the integrations
hence our first result is

1 s
ay = —_nJ_ f(x)dx ..... (4.4)

We now determine aq,a,.. by a similar procedure. We multiply
equation (2)by Cos nx, where in is any fixed positive integer, and then
integrate from - to .

Thus,

T V[ ® T
f f(x)Cos mx dxzf a0+2f anCosnx+bnSinnx] Cos mx dx
- -T ne1 T

[ee]

T V[ s
aof Cos mx dx=2f a,Co nx Cosmxdx+f b,Sin nx Cos mx dx.
- 1 -1

The first integral ffﬂ a,Cosnx =0
Where [* nx Cos mxdx = =
- 2

When n = m, the surviving term is

[ Gos - mpete = [ e o =
2_7_[ os (\n—m)x X—z_n X—27T—T[

This implies that

f:r f(x)cos xdx = a,, r; Then

a, = %f;f(x)cos mx dx ... ... (4.5)

Also, to determine b,, we multiply equation (3) by Sin mx
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J:nf(x)Sin mx dx =j:n

[oe]
ap + z a,Cos nx + b, Sin nx] Sin mx dx
=1

T ® V[ Vs
= f apSinmx dx = + Z[an f Cos nxSin mxdx + b, f Sinnx Sin mxdx.
-TT =1 -T -

The first integral is zero. The next integral is of the type considered
before which is known to be zero for n = 1,2 etc. For the last integral
we have.

Vs 1 Vs T
f Sin nxSin mxdx = Ef Cos(n —m)x dxf Cos (n + m)dx
-TT —T —T

The last term is zero the first term on the right is zero when n # m and
is m when n = m.

A
f Sinnx Sinmxdx =mn
-
Substituting in equation 5 we obtain that
1 s
b, = ;f f(x)Sinmx dx ... (4.6)

The following are known as the Euler formulae

1 s
0, =2 | Fedx (@)

a, = %f:rf(x)(]os nx dx (b) ¢y (4.7)

b _1r Si d
n—;j_ﬂf(x) innx dx (C)J

Work Example

1. Find the Fourier series of

T
1for—E<x<7T/2

flx) = T 3T

—lfor——-<x<—
or—- <x<-

Solution

In this solution, we use the Euler formulae to obtain the Fourier Co-
efficient a,,a, and b,.
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1 7.[/2 37'[/2
a, = —f f(x)dx +f f)dx
2m -1 /2 /2

Where f(x) = 1 and —1 respectively

1'[/2 317.'/2
a, = —
° 2m —1/2 T[ /2

From 7(b)

7.[/2 37'[/2

1 1
a, =— f(x)Cos nx dx+—f f(x)Cos nx dx
T -1 /2 T /2

1 1'[/2 37T/2
=—j Cos nx dx+J —Cos nx dx
) _n/2 m/2

371/2

T/

_ 1 [Sin nx]n/2 1 [—Sin nx]
n

n

T _r 4
2

For odd n,

For n =0 and even, a, =0

4(—1)"
nm

forn = 1 or odd

0 forn = 0oreven
={

To evaluate b,,;

1 /2
b,, = —f f(x)Sin nx dx
-1 /2
/2 3m/2
b, =f Sin nx dx+f —Sinnx dx
-1 /2 /2
_ 1 [—Cos nx]ﬂ/2 1 [—Cos nxrn/Z
N T n _r A n 1'[/2
b, =0

ldx + — (-1Ddx = i [(m)—(m)] =0
21

Ugwu
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The series f(x) is as given below
f(x) =ay+a; Cosx + ayCos 2x ...b;Sin 2x + b, Sin 3x

Where a; and b; ... b, are zero,

4(—1)"
nm

4 Cos3x Cosb5x CosT7x
Cosnng[Cosx— + — _|_]

fe) = 3 5 7

Example 2
Find the Fourier coefficient of the periodic function

_(kwhen—-nm<x<m
f(x)—{ kwhen0 < x <1

andf (x + 2m) = f(x) Mo
k

X
TL'—# 0 \ 4 T[. ‘27'[

This is the graph of the given function.

Solution

We use Euler formula

1 (" 1 (" 1 ("
ao—Ef_nf(x)dx—ﬁf_n—kdx+%fo kdx

1 .1
a, =5 [—kx]Zy + ——[kx]g = 0

1 (" 10 1 ("
a,=—| f(x)Cosnxdx=—| —kCosnxdx+—| kCosnxdx
T)_, T)_, T Jy

([
] =040
0

a, = —

1[—Sh1nx]0 1[k5h1nx
n —T

n T n

a, =0
Similarly
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1 n 1 v m
b, =—f f(x)Sinnxdxz—U —kSinnxdx+f kSinnxdxl
T - T -1 0

0 T

—kCos nx
b, = —
T

1 [kC 0S nx

n - n 0

k
= E[Cos 0 — Cos(—nm) — Cos nm + Cos 0]

k 2k
—[2Co0s 0 — 2Cos nt] = —[1 — Cos nn]
nm nm

For n=1,3,...0dd, Cos nt = —1 but for n = 2 oreven, Cos nt = 1
1= Cosr = {2 for n add
0 for n even

This implies that b, for even n =0

Thus, the Fourier coefficients b,, of our function are

Ak 4k ak
L7 "™ 73’ T

Since aj and a,, = 0, the corresponding Fourier series is
4k1 1 1
fx) = - [Sln x + §Sm 3x + gSl/:Sx + -

4.1.2 Fourier Transform

They are of the following forms.A Fourier since transforms can be
subdivided lim two namely the finite Fourier since and transform of
the infinite Fourier since transform A4;i the infinite Fourier since
transform of a function f(x) of x such that 0 < x < o is denoted by
fs(n), being a positive integer and is defined as

fs(n) = fooo f (x) sin nxdx (4.8)

f(x)is called the inverse Fourier sin transform  of
fs(m)and is defined as

fx) = %fooofs(n) Sin nxdx (4.9)

Thus iffs(n) = fs[F (x)]thenF (x) = Fs '[fs(n)]
Where f is the symbol for Fourier transform and F~! for its inverse.

Example 1: Find the inverse since transform of e ™"
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Solution

2 (© 2[ e
Fs_l[e_’ln] = E-fo e Sin nxdx = p- /12+—x2(_/1 Sinnx — s cosnx
2 x
CmA? + x2

a. The finite Fourier since transform of a function f(x) of x such that
0 < x <l is denoted byfs(n),n being a positive integer and it defined
as

fim = [ fotm sin T 0x

In a case where [ = 7, the is becomes
fe(n) = fooofs(n) Sin nxdx (4.10a)
And the inversion Formula is
flx) = % 1 f(x)sin nxdx  (4.10D)

Whence is the coefficient of sin nx in the expansion of f(x) in a since
series and is given by

a, =% 1 f(x) sin nxdx =§ﬁg(n) (4.11)

Example 2: Find the Fourier since transform of f(x) = x such that
0<x<?2

nmx

Solution: We have f;(n) = foz f ()rsianx:l = 2 in this case,

()_jz Si nnxd _[ mtx]z_l_ 22 nnxd
fsn—oxmzx—x cos20 OnnCOSZX
4
= —cosnm
nm

b. Fourier cosine transform: They are also subdivided into two farts
infinite and finite.

i.  The infinite Fourier cosine transform of f(x) for 0 < x < oo is
defined as

fs(n) = foz f(x) cosnxdx n being a positive integer.

Here the function f(x) is called the inverse cosine transform of F;(n)
and is defined as
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o

f(x) = %L F(n) cos nxdx

Thus if f-[f(x)], then f(x) = {7 f-(n)]

Example 3:Find the cosine transform of x"e™**
Solution

Recall that [, f(x) cosnxdx = fooo e~ % cos nxdx
Thus f-(n) = fooo x" e~ cos nxdx

We differential x"e™ n times with respect to a we now find that

dar a

da™ a? + n?

f x"e ™ cosnxdx = (—1)"
0

{(n+ Dtan11/,}
(a2 + n2)(+D) /gs

~ fr(n) = incos

Example 4:FindF; {e "}

2 (7 e~ n (o)
F—l —An =_f —An dx = — -2 + i
e ] 7] e cosmrdx =2 Tz (TAcosnx +xsinnx)|
2
A%+ x?
ii.  The finite Fourier cosine transform of f(x) of 0 < x < 4s defined

as

fc(m) = fol f(x) cos% dxwhen! = r, this becomes

fc(m) fol f(x) cos nxdx and the inversion formula is
0= +2Y fiw
f(x _nfC 7T_lfcncosnx

When f¢(0) = [ f(0)dx

Example 5:Find the finite Fourier cosine transform of x

s
0

x sin nx

Already f¢(n) = fon x cos nxdx = — %fon sin xdx

n

e e el GO

n
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2
However, if n = 0f;(n) = fO” xdx = E]g = ”7

Another important of Fourier transforms is complex Fourier
transforms of a function.

It is defined as f(n) = fjooo F(x)e™ dx

Where e is said to be the kernel of the transform. The inversion
formula is f(x) = in

The Fourier transforms. Provides a representation of function defined
over an infinite interval with no particular periodicity in terms of a
super position of sinusoidal functions. It may thus be considered as a
generalization of the Fourier series representation of periodic function.

It is one of the most important of Fourier transforms as we shall see in
the theory of transforms.

Theory of Fourier transformation in the Fourier series case the
function C, is called the Fourier coefficient or spectrum of f(x)

Where
f(x) =342 Cpet /L) (4.12)

(— o0 << x << ),

Where

|
Cn — J. f (X)efi(nﬂxlldx

2
C, =We set™/, = k; thenAk =7/, An.

The adjacent values of k are obtained by putting An =1, which
corresponds to l/n Ak =1

Then multiplying each term of the Fourier sieves by l/n Ak and writes

fO) =42 o(Yn Co) Akl (4.13)

Where

i Cn = if<f(x)e—i(nnx/<)dx
T 2m J__
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Going to K —notation and writing
(%) C, = C;(k),we can obtain C;(k) = if_llf(x)e_”‘x dx and
fG) =Xk, __, l()e™ Ak, (4.14)
=

If we now het | - oo,we expect then second sum to go over into an
integral and we obtain oo.

limf, (k) _

| »

1 r® .
C(k) = %J flx)e > dx

Is known as Fourier transform while
1 (= —ikx
f@) == f()e kX dx (4.15)

The inverse transforms. We note that his concept is analogous to the
concept of Laplace transform. Just as we can also observe that the
only difference between direct and inverse Fourier transform is the
sign in exponential function.

The first example we wish to discuss here is form the Fourier
transform of Gaussian probability function.

f(x) = Ne™®*2 (N, x= constant)
In this case, its Fourier transform f (k) will be denoted by

T'[f (x)]and will be calculated from
F(k) = T[f (x)] ——J f(x)e™™ dx
f @ V2 ) _w

- %_nf_“’w e~ox" gikx gy (4.16)

The technique used for the calculation of this integral is to be dealt
with below

[o¢]

N .
TIFGO) = = | et ax

We simplify = —« x2 + ikx by completing the square:

2 k2
o2 2 i _:k o
ocx+lkx:>(xoc L/2ﬁ> 1o

And make the change of variables.
_ -k . .
Let U = xvox—i %/ \C: implies that
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dU = Vo dx

Substituting back into T[f (x)]

N _ky ® L
T[f(x)]:\/T_ne 4°<f e “du= ’2_oce 4

The most obvious interesting fact here is that it is seen that f(k) or
T[f(x)] is also a Gaussian probability function with a peak at the

origin monotone decreasing as k — oo it is also interesting that if
f(x)is sharply peaked (Large x), T[f (x)lis flattened.

Here f(x) is sharply peaked as a result after the transform T[f(x)] is
flattened. Similarly if f(x) is flattened, transform T[f(x)] is peaked.

Also if f(t) is single square pulse with a height say h and with b
centred on the orgine of t such as a top—hat function

b b
ft)=h (_E < +< E) with f(t) = 0 else where

f(x) A £ (k)

N

Then

TIf(x)] = jwf(t) exp(—2me vt)dx

Gives the transform which will be interpreted diagrammatically as

T[f(®)]
M)

VAN

b 1
< > 146 <2 / —>
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Example:

Find the Fourier transform of the function given by f(x) = H, and

—%y <x <4/,

Solution

It can be represented as

Nft)=H

— a
The funct/i%n is even the Fourié% cosine transform

TIf(x)] = \/%f_w f(x) cos kxdx

2 Ja/ZH Kede — H Z[Sin kx] a/,
=— cos Kxdx = H |~ _
= ml k179,

2sin @ 8H?2 sin ¢
_ oy 1250 _ /2
T k T k

This can be sketched as shown below;
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TIf ()] = f(x)

/N VA
NIVER ‘

4.1.3Laplace transform

Laplace transform is one the method used in solving differential
equations especially the second-order differential equations with
constant coefficients such as

b P ey
T2 T Pax T T
The main advantage of this method is that if involves algebraic
processes with involvement of the initial conditions from the early
stage of the problem. Another important advantage of Laplace
transform is that enables one to deal with situations where the
function is discontinuous unlike that of the Fourier transforms.

Laplace transform T[F(x)] = T(P) = [ ;o f(x)e P*dx

Provided that the integral exist, in practice, for a given function f(x)
there will be some real number P, such that the integral in the define
equation exist for P > Py, but diverges for P < P,

By direction application of the definition of Laplace transform, we find
that (i). For f(x) =1

I
—Px — —Px —
Ji d —_—
e X e f

(o]

-1 I
rifeo) =i = | o-1-1

0
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(ii). Forf(x) =x

[o¢]

T[f(x)]=Tkx) = f xe PXdx

0

The solution here involves integration by part.

:>J.ooxe_dex=—lxe_P" foo—ixe_P"f =—0+[0—(—i>] _1
0

(iii). Forf(x) = x?,

[0e]

T[f(x)] = T(x?%) = f xte P*dx

0
1 ©° 1
:_—xze‘P"f +—f 2xe Pxdx
P o P
0

1

Since as we can see that in (ii) that T[x] = o

Then, the last term become %.PZ—Z
Where the first term is zero

) 2
oo T(x ) :ﬁ

In general it can be shown that T(x™) for f(x) = x™" is given as

n!
pn+1

(iv). For f(x) = e

TIf(x)] = T[e™] = f e ¢=Pxdyx
0

1 “ 1
— _ —(P—a)x =—— (0-1)=—
P—a® J;) P—a( ) P—a

(v). for trigonometrically function. Say cos ax + i sin ax = e'®*

~ T[cosax + isinax] = T[e™] = f el® e~PXdx
0

1
P —ia
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In this case, we rationalize thus

1 P+ia P+ia
— X — =
P—ia P+ia P2+a?

In this case, we equal real part to real and complex to complex to
complex

ia

i.eT[cosax + isinax] = vrrz T riaz

P
= T|cosax| = —=——— and
[ | PZ +qa?
. ia , a
isinax = = [sinz] =

P2 + g2 P2 + g2

Example 1 obtain the Laplace transform of f(x) = 3 cos 4x + 4e°*
T[3 cos 4x + 4e°*] = 3T [cos 4x] + 4T[e>*]

. 3p N 4
" P24+16 P-5

Example 2
Use Laplace transform to solve the initial value problem given as
y 42y =2x:y(0) =5/2
Solution
We take the transform of the differential equation
T[y'] + 2T[y] # 2T [x]
T[y'] + 2T[y] = 2T[x]

T[y'] = PT[y] — y(0)

2
~ PT[y] —y(o) + 2T[y] = Pz

2
(P +2)T[y] —y(o) = Pz

The boundary condition specifies that y(o) = 5/2

-(P+2)T[]—5+2
' YI=37pe
N NI

VTR TR Y2
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I 2
“P+2 PP+ 2)

Here we have to resolve the second term at the right-hand side into
B c

P2 " (P+2)

. . 2 P
partial fraction, P12 = A

2=AP(P+2)+B(P +2)+ CP?

2=(A+C)P*>+ (2A+ B)P2B
2=2B;B=1

2A+B=0;2A=-B;24=-1

A+C=0,C=-4A
c—l
2

5 2
>l = rrp D

51 11+1+1 1
T 2P+2 2P P2 2P+42
_ s 1 +1+11
- TP+2 pz 2P

The inverse transforms are

s 1 1 111
P+2°¢ 'p2= %3P 773
y=3€‘2"+x—1

2

Example 3: Solve the initial value problem using Laplace transform

"

y" +4y" = 10e* where
y(0) =3,y'(0) = 4,y"(0) = 10
Solution, we take Laplace transform of the differential equation.
Tly'"'] + 4T[y'] = 10T[e*].

4{T[y] — y(o)]

Now
Tly"'] = PT[y"] — y(,)10T[e*].
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Again PT[y"] = P[PT[y’] - y(o)]

PT[y"l = P{IPTIy] - y()}
Now we substitute back along with the initial conditions, to obtain

P3T[y] — 3P? — 4P10 + T[y] — 4y(»)]

_ 10
P+1
= (P? 4+ 4P)T| ]—3132—410—12—10—i
Y CP+1
3p? 4P 22 10

TIvl =
L] P3+4-P+P3+4P+P3+4P+(P+1)(P3+4P)

3 N 4 N 22 N 10
“P24+4 P24+4 P(P2+4) PP+4)(P-1)

We simplify by solving all the into partial fraction where

3P 4 111 2 11 1 51

T = _ — S
bl P2+4+P2+4+ 2 P+P—1+ 2 P2+4 2PP

After this we take the inverse transform: Thus

T[y] = cos2x — %sin 2x + 2e*+ 3
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Exercise 4.0

(1). Solve y’ —4y = 5cosx using Laplace transform given that

Vo) = —2.Y(y = 10

Ans:T[y] = lezx +-e % — zcosx
' 2 2 2 '

(2). Solvey” +5y +6y=4x
at x = 0,y=0,andy' =0

Ans:y = —x —E+e‘2x —ée‘“
3 9 9

(3). Solvey’ —2y + 10y = e?*

Vo) =0,¥0) =1

1
Ans:y = —[e?* — e* cos 3x + 3e*sin 3x]
10

4 Given the function f(x) = x?, obtain the values for Euler formula
and form the Fourier series.

5. Show that the Fourier series of the function f(t) whose period is
4 is
Sin3t Sin4t
3 4

2k 1
k——[Sint——Sin2t+
T 3
If
Owhen—2r<t<-—-m

f(t)={ kwhen—nt<t<m
Owhenm <t <2m

6. Find the Fourier coefficients in the interval 0 < x < 2m of the
periodic function defined as

f(x) =x for —m < x < mandf(x + 2m) = f(x).

Ans: f(x) = 2|Sinx —

Sin2x Sin3x Sin4x
+ — i ]
2 3 4

7.Find the Fourier series of the function defined as
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(0 for—-mr<x<0
f(x)—{ 1for0<x<mn

Sin3x Sinb5x Sin7x+ ]

1 2
Ans:f(x)=§4;[5in2x+ 3 + z 7
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CHAPTER 5

5.1.0 Ordinary differential equation

Differential equations are those groups of equations that contain
derivatives. These are variety of differential equations.
1) Ordinary differential equation which contain ordinary
derivatives that describes the relationship between these derivatives
of the dependent variable, usually called y with respect to the
independent variable, usually known as y.
2) Partial differential equations describe the relationship between a
dependent variable say v and other two or more independent
variables say (x,y,t etc) and partial differential coefficients of v with
respect to these independent variables.
They will be treated respectively in this chapter.

section 1: formation of ordinary linear differential equations.
Ordinary differential equation can be formed from ordinary simple
algebraic expressions; order concept relation motions such vibrations
and scientific concepts.

For instance, from differential equation that describes the gradient of
straight lime shown below.

y
1

0,0

An important point to note here is that the gradient of straight line is
constant every point considered on the straight-line.

Thus,
y—¢c_n-y_dy
X = Xy —x dx
dy
ft _——= =
xdx Y
v =P
..y_xdx+c (6
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Another Example

Curve is defined by the condition that the sum of the x and y
intercept of its tangent is always equal 2. Express the condition by the
means of differential equation.

Solution

Let the tangent to the curve be y =mx +c, where ml = dy/dx, the
intercept on x — axis is wheny = 0x = —c/m.

Intercept on y — axis is when x = 0y = c.

[c+ (1_%)] —9..

mc—c=2m

Fromy—-mx +c¢
c=y—mx (6.2)
Substitute in to form ¢
(y—xm)(m—1) =2m

ym — yxm? + xm — 2m
dy
=>(y+x—2)a—y=0--- (6.3)

Example 3

If current at any time, flowing through conductor is i, form an
expression describing the rate of flow of current.

di_
.

Where k is constant.

At this point it is important observe that all the differential coefficients
are of first order and first degree except the second one that contains
second degree.

The order of differential equation is the number of differential equation
d%y
dx?’

is the number of differentiation i.eZ—i first order; second

order while the degree is the power to which differential coefficient is
raised.
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2
(d—y) , Second degree; (Z—z) First degree

dx

Example 4 Form differential equation from the equation given below
x =e?(A+Bt) (a)

Differential equation as obtained from primitive expression is known
as general solution.

The solution is a function containing some arbitrary constant.
Solution

We differentiate successively twice equation (a)

dx

E=262t(A+Bt)+eZtB--- (b)
d*x 2t 2t
F=4€ (A+Bt)+4Be B (C)

Substituting equation a and b.

Y x4 Be e (@)
dt_ X e

Multiply equation (d) X 4

4dx—8 + 4Be?* (e)
dt_ X e e

Similarly substituting equation (a) in (c)
d’x 2t
F=4x+4Be (f)

Equation e to equation f

d’x 4 dx +4x =0
ez Car T
Trial question,

Given y = Ae?* + Be ™, show that the differential equation with that
solution is

d*y  dy
dx? dx y=0
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Example 5:

An object of mass m falls from rest under gravity subject to a air
resistance proportional to its velocity for the differential equation for
the concept.

ma—mg < —v

d?x
mﬁ — mg = CV.
d?x _ cdx
dt T omdt

Thus the correct differential equation is

Example 6:

Newton’s law of cooling states that the rate of cooling decreases of
temperature of a hot body is proportional to excess of temperature of
the body over that of the surroundings. Using t for time and 6% for
temperature in 0, and %0, for temperature of the surrounding
(assume constant), express the low in the form of differential equation.

dgoc 6—-06
d@ ( 0)

do
—=—k(6-6,)

Example 7:

A body moves in a straight-line so that when it is x cm from a point 0
on the lime its acceleration is 9 cm s~2 towards 0.

Write down the differential equation describing the motion

Solution
ax —x
dz_x = —9x
dt?
This can also be written asvg—z = —9x
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Similarly if a mass m is applied to one end of a suspended spring
whose other end is fixed, it will produce the extension x, which
according to Hooke’s law is proportional to the applied force

F =mg.
Thus,
F=Kx=Mg.

whereK is stiffness of the spring and g is acceleration due to gravity, If
additional force is applied, which produces extension y; the tensional
force, T = K(x+y) while the resultant downward force F = Mg —
K(x + y). For the combined action of the spring and gravity as it is
known that

Mg = —Kx
Then f + key =0
d*y

= M—+kg=0-
dx2+ g

This equation is differential equation for force Oscillations of
undamped mass-spring system. If the system is placed in a resistive

medium in which the resistive force is - v or ry’
By Newton’s Law,

my" +ryky =0
becomes the Oscillatory motion.

It should be mentioned here that all these equations as formed are
known as homogeneous linear differential equation.

The equation becomes inhomogeneous if a periodic forcing term is
introduced say T(t)

For instance if in equation above we introduce a force term (T(t) such
that it becomes

my’ +ry +ky=T(0).

From the demonstrations as shown above in some of the derived
differential equations it is apparent that differential equations are
form from an idea or primitive equations.
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5.1.3 Solution of First Order Linear Differential Equation.

The solution first order linear differential equation depends on the
nature and form of the equation.

5.2.1Direct Integration

One of the methods of solution is by direct integration method such as
simple equation as (1 PCos 20) Z—Z =0 can be solved by direct
integration

(1 + Cos 20) 2 = 2
oS de—

2d0

dy = ———
Y =1+ Cos 20

1+ Cos 28 = Cos?*8
j f 2d6 2d
Cos@ SecZH

y =tanf + ¢

Example 1
Solve the equation
aT/dt = k(T§ — T*)
Where k and T, are constants.
Solution

We solve by integration

f(ng_—Tm:fkdt

We simplify T; — T* = (T, — T)(T, — T)(T§ — T?) and resolve it using
partial fraction

1dT 3 T5dT
L O [ L

4T3(Ty — T) 2(TZ — T?)
1 ] ! + ! 1 ! +2t _1(T)—kt+
4T3 Ty =T) 4T3 " (To—1) S N\, ) T

! (T0+T)+2t —1(T) kt +
= — an — | = C.
4T3 \Ty — T T,
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5.2.2 Separation of variable

Another method used in solution of first order linear differential
equation is by using separation of variable.

Example 2
Solvej—z =x(y—2)
Solution

In this case, we separate the variable first as thus,

and integrate directly.

(yd—yZ) = f xd

1,
ln(y—2)=§x +c

In a case where the equation is not separable, the solution takes a
different solution as will be discussed subsequently.

In a case when
M = a;x + b,y + c;and
N = ayx + by + ¢,
Where m,n are linear function of x and y.
That is Mdx + Ndy = 0
There are 2 cases here
Case I: when

aib, + a,b; =0, then the transformation V = a;x + b;y, reduces the
equation to separable equation.

Case II: If a,b, + a,b; # 0, we proceed to the following manner:
Solve a;x + b1y + ¢; = 0 and

a;x + by + c; = 0 Simultaneously to obtain x = h,y = k and
then transform

x=x +h, y=y+k
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this reduces the equation to homogeneous equation.
Example 3:

Solve the equation (x + 2y + 1) + Bx + 6y —4)dy =0
We test for case [: where a; = 1,a, =3i.ea b, —a,b;

(1) - (3)(2) =0
Therefore, V = x + 2y

Theny=%
_dv—dx
2

dy
We substitute in the original equation
1
(v+ 1dx+ Bv—4) > (dv — dx)

= (6—v)dx+ (Bv—4)dv=0
This is now separable.

It becomes

P _<3v—4)d
x = P v

1 )+
6—v ¢

:>x=3v+14ln<

Example 4:

x—y+2
x+y

equation by the change of variables x =X —1,yY + a,[Note that this

implies a change of origin to (—1,1) the point of intersection of a

straight line x —y + 2 = 0and x + 2 = 0]

Solve the equation dy/dx = , reducing it to a homogeneous

The new axes are parable to the old one so that

dy dy
dx dx]

Solution

dy X—-1-Y—-1+2
dx = X-14Y+1
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Xy
X+y
LetY =UX
So that
Y ovix
vty K

dU_1—2U—U2
dX 14U

f (1+0)  [dXx
1-20-U2? | X

To solve the integral on the left hand side,

Lett =1—2u — u?

dt
—=-2(1
oy 1+uw)
1j-(Hu)dt 1l t
[E— = ——1]n
2 t(14+u) 2

Substituting back, we obtain
1
—Eln(l —2u—u?)=InX

In(1-2u—u?)"'=2InX =InX?
In(1-2u—-u?)X?>=¢C

Recall that y = ux

(x+1)?-2x+ Dy +1)?%=c
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x2—y? —2xy+4x+1=c

5.2.3 Exact Differential Equations
An exact first-degree first-order differential equation is of the form

M(x,y)dx + N(x,y)dy = 0and for which is necessary condition for the
equation to be exact;

oM _oN a’M _ a°N
dy T dyox - axoy

(6.4)

Example 5:
Check whether or not
(3x? + 6xy? — 6y?)dx + (6x2 + 12xy + 2y — 1)dy = 0
Is exact and hence solve it.
Solution
Let M = 3x? + 6xy? — 6y? and

N = 6x%y —6xy? —12xy + 2y — 1

aM—12 12 daN—12 12
3y = 12xy an Fie xy
oM ON,, . ! ..
Thus % = ath1s fulfills the condition for exactness

Hence to solve it,

JdeandJNdy

](sz + 6xy? — 6y?) dx = 3x% + 3x%y? — 6y°«x

f(6x2y—12x=2y—1)dy=3x2y2+x3—y2—y

After the integration we now compare the two x3 + 3x%y? — 6y%x — y? —
y+c

fl,y) =x343x%y2 —6xy?2 —y? —y+c
If the equation is not exact, we first all have to determine a factor that

will beeither usedto multiply or divide the equation in order to make it
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exact. This factor is known as integrating factor. This factor has no

general method of finding it, it is often by inspection. As earlier
discussed in the case of exact, it is not exact when

oM ON

P (6.5)

In this case, a factor says M(x,y) that makes it possible to obtain the
condition such that is what we

oM _ 0N
dy T oo

Refer to as integrating factor.
For instance, if the differential equation is of the form.

dy p
=+ Py + Q).

The integrating fact is obtain thus

j Pdx

After this we multiply both sides with the integrating factor

dexd_y + dex P(x)y+Jde Q(x).
e

e dx o
Example 6:
Solve the differential equation

Y ey =
P y = cosx

Solution

The integrating factor is e/ P
Where P =6
If = ef6dx — b

d
a(e&‘y) = e% cosx

yeb* = fe6x cos x dx
Now if we integrate the right-hand side, the problem is solved.
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ye6x —

N -

[cos x — sin x]

6x

e
y = 7(cosx—sinx)

Example 7:

Solve

—— —ytanx = 3e5"¥
dx Y

Solution

Here P = tanx,

Thus if= e/ @nxdx = glncosx — g x

d

y .
cosxd——cosxtanx =3cosxeS™*
X

ycosx = 3fcosxe51“dx

ycosx = 3eS"¥*dx + ¢

y = ! = (3e*" *dx + c)
cos x

5.2.4 Initial and boundary conditions

As regards any differential equation whether first or second order, the
solution always involves arbitrary constant or arbitrary function in
particular case unless if there are additional information given about
the variables of contained in the equation.

These extra information are called the initial conditions or boundary
conditions

There are three bread classes of boundary conditions

a) Dirichlet boundary conditions: The value of the dependent
variable is specified on the boundary

b) Neumann boundary conditions: The normal derivative of the
dependent variable is specified on the boundary.

c) Cauchy boundary conditions: Both the value and the normal
derivative of the dependent variable are specified on the
boundary.
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Cauchy boundary conditions are analogous to the initial conditions for
a second order ordinary differential equation. These are given at one
end of the interval.

For instance, if in example 6 the condition that room temperature is
200c and that it takes a particular body 12 minutes to cool from 100°c
to 500c, find the time taken by the body to cool from 50°c to 25°c

Now side

dg_k(@ 6,)
a0
d

)
f(e—eo):_kfdt
In(60 — 06y) = —kt+c

(6 —6,) =e et =ce™

0 =0+ ce™™
Now the boundary condition says that when 8, = 20%c
6 =20+ ce*t
When 6 = 100¢,t =0
: 100 = 20 + ce’
~c=80%

=60=20+80e K
When 6 = 50,t = 12 minutes
+ 50 =20 + 80 e~ 12k

0
k—ln3/8—0081736
To—-12

0 =20+ 80 e—0.08176t
The given boundary conditions have enable us arrive at the definite
value.
Now for the body to cool from 509 to 259 we substitute in the
equation

25 = 20 + 80 e 0-08176¢

5
2o ~0.08176¢
30 80e
= A3/80 o2 09126 minut
~ 0081736 ninutes

Example 8:
An electric circuit consists of an inductance of 0.1H a resistance of
200l and an eymf of 200v. Find the current i in terms of t if i = 4 when
t=0.
Solution
The equation LZ—; + iR = E is first order differential equation it can be
written as
_|_
dt L
Being inexact, differential equation we obtain the integrating factor.
efpdx = efR/Ldt = eth/L

Substituting
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Rt/ _+TeRt/L _ E/LeRt/L
E(ieRt/L) = E/LeRt/t

ieRt/L = E/Lf eRt/Lqt = E/£Rt/L 4+ k

i = E/R + ke R/l general solution
Now the values are
R = 200L,E =200V,L = 0.1H
i =10+ ke 2t
When i = 4,t = 0 are the boundary conditions?

w4 =10+ k;e°
kl = _6
~i=10—6e"%.

Example 9:

A Dbacterial population B is known to have a rate of growth
proportional to B itself. If between noon and 2pm, the population
triples, at what time, no control being exerted, should B because 100
times what it was at noon.

Solution

dB B
—
dt

In this case, there is no negative because

— B
dtock

dB rd
| 5= [ e
InB=kt+C
B = ekt+C
B = Ae*t
t =2 hour
B
If it is tripled,
B =3A
w24 = Aet

In3
K = - = 0.549306144
B = Ae0-549306144

When B = 1004
1004 = AeO.54-930614-4t
t = 8.3836 hour
5.2.5 Bernoulli Equation
This equation is of the from

dy o
—+P()y =y Q).

This type of equation needs transformation before it can be solved
The transformation is done by dividing through by y"

_dy _
=y ”aﬂ'“ P (x) = Q(x).
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With this transformation, the equation will be made linear and can be
solved by obtaining the integrating factor.

Now to solve this,

Let y!™ =u

Thus; Z—Z =(1- n)y(l_")Z—i

_nd_y 1 _du

4 dxz(l—n dx

Substituting,

1 du
—+ (1 -n)Px)U =1 —-n)Q(x).
1—ndx

Example 10:

Solve y' — 2y = y°x.
Solution

First divide through by y®

Letu =y™*

Now find the integrating factor, if;
if = ef8dx = 8%

u
= 8 — 4+ 8Bued* = 4xeb*

dx
nued = —4fxe8xdx
— —x + 1 + —8x
u=—-+ggtce
Recall that u = y™*,
- y—4 — __x + l + Ce—8x
2 16
Example 11:
Solve
4 _ 2y = y3(cos 3x — sin 3x)
dx Y=Y
Solution
1st transform
g dy 5 .
y a—Zy = y~* = (cos 3x — sin 3x)
Let u =y2
du dy
= _2y3 2L
dx y dx
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dx 2dx

Substituting, we get

1du 29y = 5 n?
> Tx U = cos 2x — sin 2x

Which now linear

du
— + 4u = —2(cos 3x — sin 3x)

dx
With P(x)
~if = ef4dx = e
4 QU 4 4 :
e "a+4ue * = —2e**(cos 3x — sin 3x)
du 4 4 )
a(ue *) = 2e**(—cos 3x + sin 3x)

Ue** = +2]—e4x cos 3x dx + f e** sin 3x dx

The right-hand side is of a standard integral which can easily be
integrated using integration by part.

1
Ue** =2 (m) [—4e** cos 3x + 3e** sin3x] + C

U= g €S 3x +£sin3x + Ce ™
y2= _—8cos 3x + isin 3x + Ce™**
25 25

5.3.1 Higher order differential equations.

This is linear equation which is of the form.

dny n—ly dzy dy

P, (x) T Pn(x)m + Pz(x)W + P1(x)a+— Q(x).
Where B, P,_1,P;, P;,Pyand Q are functions of x.
In this case, it will be referred as linear differential equations with
variable co-efficient e.g. Legendre equation and Bessel equation etc.
If on the other hand, P, P,_1,P,,P;,P) are constant, the linear
differential equation will be referred as linear equation with constant
coefficients. The approach to solution of these two outlined form of
differential equation are different slightly but in other aspect the same
in that they involve.
First of all,we find the general solution of the complementary
equation. That is the equation formed by setting

Qx) =0

For that with variable coefficients, we must find n linear independent
Py(x)y functions that satisfy it. As soon this is obtained, the general
solution of given a linear superposition of these n functions. With
nt*solutions
y10r=c1y1(x0) + 22 (%) + -+ + ¢y (%)
Where ¢, are arbitrary constants that may be determined if the n
boundary conditions are given.
The linear combination y(x) is known as complementary function of
the linear differential equation.
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Now is it possible to establish that any n indicial solution to the
equation is linearly independent. For this to be so over an interval,
there must exist any set of constants c;,c; :- ¢y such that
c1y1(x) + c2y2(x) + - + ¢y, (x)=0.

Which can only occur at such a case when ¢; =¢;,=c¢3- =¢, =0.
This can be confirmed by repeatedly differentiating the above equation
n — 1 time in order to obtain n simultaneous equations for ¢; = ¢, - ¢,

c1y1(x) + 2y, (xX) ++ +¢, (%) = 0

c1y1(x) + 2y, (X) + +¢, ¥ (x) = 0

a0 + ey TV @) e V) =0
If the determinant of the co-efficient of ¢y, c, - c,is non-zero, then the
only solution to the differential equation is trivial solution ¢; =c¢;" =
c, =0
i.e
W m) = | 1 ycp - Yn

Y1 =0

Are linearly independent over the interval
W (y;..y,)is known as the Wronskian of the set of function.

5.3.2 The Wronskian
Suppose we have two solution U;(x) and U,(x) of the differential

. d?u du
equation oz + Py — + 99U = 0.
Then the Wronskian w.r.t A4 is defined

byW (x) = Uy (x) =200 — U dudl_x(x)

= U1U,
U, U, =B

Theorem;
UjandU, are linearly dependent if and only if W = 0 otherwise they are
linearly independent.
Proof.
For if they are linearly dependent, there exist two constant 4; and 4,
not both zero such that

AlUl(X) + AzUz(X) = 0.
The condition here is that (€) and (D) must have non-trivial solution
for A; and 4,.That is both 4; and A, must not be zero.
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U1U,
=>W =
U, U, =0
U U U, —UyUy =0
(x) ! !
d "] _ viUp-U U,
But ™ [U1(X)] = 07
If U,U, — U,U; = 0 since U; # 0
Hence W =0

= d‘i [Uz] 0= % = constant.i.eU, and U; are linearly dependent
1

= A;andA, are non-zero
The D.E satisfied by Wronskian as U; and U, are two solutions of 4,
then

U, +PU, +qU;=0~E

Uy + PU,+qUy, =0+ F
Now if we multiply E by U,and F by U; and subtract, we obtain

U,U; — U,Uy + P(UyUy — U,U,) =0 (G)

Since W (x) = U'U, — U,U,
Thus S UU; + UsU; — UpUy — UyU; = UyU; — UpUs

Hence (G) is nothing but

wx) Px)W(x)=0--(H
=+ PCOW () = 0 (H)

which is the differential equation obeyed by the Wronskian.

This equation H can be written in the form can be written in the form

1w —P(x) -+ (I) of which if we integrate both sides

w dx

InW(x) =— J‘MP(x') dx +C
W(x) = exp[— JX1P(x’) dx + C,
= W (xy)exp[— JXP(x’) dx'

s W(x) = W(xl)exp[—f P(x)dx - (J)

X1
Now we carry out solution in terms of U; andW.
[ ] U1U2 UzUl _w

Since —
ut

ThenU [ ] W—(K)

et [2 = Kz which after integration becomes
dx U1 U1
oW
Uy(x) =U (x)f dx ———=- (L)
2 1 x U12 (x)

Where W (x) is given by (J)
The summary is that if one solution of equation (4) is known then the
second solution of (4) is given by (L).
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If on the other hand, we have two linearly independent solutions U, (x)
and U,(x) of the same equation A4, we can construct from it a solution.
Us(x) = aU;(x) + bUp(x) - (M)

Which has an arbitrary assigned value and the derivative at same

point xy.Suppose at x,, we want.
Us(x) =x, and U3 (x) = By,then we choose a and b so that

o= Us(x) = alU &0 + bUz(xo)}(N)

By = Ul (xp) = aU @0 4+ bUJ (x)
In this case since the Wronskian does not vanish for linearly
independent solution as earlier explained we can solve by Crammer’s
rule for a and b
Linear differential equations with constant coefficients

dny dn—ly dy

Ton TPt tai -+ ay =0Qx)
To solve this, we find the complementary function yéx) which must
satisfy the equation when Q(x) = 0 and must also contain n arbitrary
constants. The method popularly use is by assuming the solution the
form

P,

y = Pe/'{x
We differentiate n'* times thus
y = Pye
y =Pae™, y' =P,%e™ upto
yn — Pn/lnexlx, yn—l — Pn_l/ln_lelx
and substitute accordingly to obtain the auxiliary equation thus
P, Ame* + P, _ A"l oo 4+ Py A%eM + Ppe?* =0
P+ Py AV L e+ P2 + PAY + Py =0
This general auxiliary equation has n roots such as 44,4, -, 1,
It is important to note from this point that in some cases, some case
may be complex. There are three main condition t o be considered
here
i.  When all roots are real and distinct, the complementary
function is of form
y.(x) = cieM1* + ¢ e2* + cgets¥ - ¢ etinX,
The solution here is linearly independent of the auxiliary
equation
ii. Some roots complex, if one of the roots of the auxiliary equation
is complex, such as « +if, its complex conjugate is also a root.
Under this condition,
¥, (x) — Cle(o<+i[3)x + Cze(oc—iﬁ)x
= e°*(d; cos Bx + d, sin Bx)
= Be®* sin(f + ¢)x or B e**cos(B + ¢)x
Where A and ¢ are arbitrary constants.
iii. ~When some roots are repeated. If some roots are repeated,
those set of repeated roots are considered to be linearly
dependent, therefore the complementary function is given by

Ax

y(x) = (Cl = Cz)x — eee Ckx(k_l)ellx _l_.. Cnelnx
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If more roots are repeated it is extended.

Example 11
Solve
y +y —=2y=0
Assume y = e
y = 2eM; " = QM
We substitute into the equation
+21-2=0
A1+2)1-1)=0
A=-=21
M==-2,1=1
v = e + cpe”
In this case the roots are distinct.
Example 12
Solve
y -y =5y =3y=0
Solution
The auxiliary equation is
B —-2%-51-3=0
A+1D)A=-3)A+):A4=-1,4,=3,13=-1
Here we have repeated roots
Aqand A3.
wyp=eFy,=eandy; =e™*
The function is
y.(x) = cie™ + c,e ™ + c3e3*
= (¢c; + xcp)e™ + cze”
In this example, the root are repeated since
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Al = /13.

Example 13
Solve the equation
y" +5y" +9y +6y=0
A3 4+ 512 + 91 + 6 = 0 is the auxiliary equation

2~(A+2)(A2+31+3)=0

/11 = -2
We now solve
2% +31+3
/1_3*\/9—12_3 V3i 3 V3c
2 2 272 2
One real root and two complex root
)
“ Y1 = cre”, Yo = Cpe\? 2

The function is

s = C36(3/2+\/T3_i)x

y.(x) = c1e?™* + c,e3/%" sin/3/2 x + 0383/2Xcos< f3/2 x)

y =cle 2 4 e3/% <d1 sin /3/29( + d, cos /3/2 x)

We solve example 7 using this method. The equation is

Example 14

d?x
=
A2 =-9

A==+y-9;=> +3i
x = Ge3 + C,e3it

x =Gsin3 + + €, cos 3t
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Is the general solution

However, the elaborate solution will involve the boundary conditions
can better be used if we use the method as below.

d?x Vdv 9
= — = _— =
dt? dx x

Where we integrate directly

.°.fvdv = —9fxdx

1V2— i +C
2/ T 2%

Now it is specified that when V = 0x = 2

9
“0=S@2+C

~C= X substituting,

dx
dx/dt = 3\/4 — x2; interm of T
The change of variable used here is that

_dx dv d?x

V=—"=2V—= .
dt dx  dt?
dx 5
W= =4 —x2
dt
f s f dt
V4 — x?
. dx —-1X
Integration of [ = = cos™" 2
Thus cos™! % =3t+¢
¢ = cosant
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x
o= cos(3t + ¢)

x = 2cos(3t + ¢)

From this solution, it is obvious that for this type of problem, the
method of change of variable gives a better approach to the solution.

For instance, if we consider this problem
1+ x2)y" +2xy =0

Solution

dy d%y dp
Let X =p 2 _&
et dx dx?  dx

d
= (1+x2)£= 2xp

dp  —2x

dx 14 x2
dp 2x
S| =4
dx f1+x2 x

lnP=11nA(1+x2):>P=1+x2

But recall that Z—z =P

.dy_ A
Tdx 1+ x2

Adx 1
fdyzfmzAtan +B

~y=Atan 'x +B

Example 15
d?x
W+4x+8=0
2y
W+4(x+2)=0
Letn=x+4+2
dn_dx
dt dt
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dzn_dzx
dt?z  dt?
d*n A
—_— = —4n
dt
dn _ d’n _ ,dp
LetE—Pﬁﬁ—Pdn

If we now substitute back in the expression

dp
% = —4n

fpdpz —4fndn

S lpr—4l 2+
1p = 1n c
Whenp =0, n=a

Such that ¢ = 2a?

2
— = 2a® - 2n?

e N
fd—”:_fzdt
V& -
n = acos(2t + ¢)
x+n=acos(2t + ¢)
B.C
When x=-1,t=0
X+ 2 =acos2tcos¢ —asin2tsing
l=acos¢p, —1=asing

sing 1

cos¢p —1

¢ =tan"'(-1) =T/,

= tan¢ =

Now a = /12 + (—=1)2 =2

Ugwu
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Lx+2= \/Ecos(Zt + "/2)
X = \/Ecos(Zt + "/2)

From example 5, if one is asked find the velocity V as a function of
time and show that VV tends to a terminal velocity as t tends to infinity,
find also the time required for such a mass starting at rest to reach
99% percent of its terminal velocity in terms of the acceleration due to
gravity and terminal velocity.

Already the differential equation describing this idea has been formed
thus

d?x ik dx _ 0
acz " ar 97
Which the same as
dv
i + kv = g interms of velocity
The auxiliary equation is
A+k=0
>A1=—-k
“ v, =ce Rt

We can rewrite the differential equation in term of operator D in order

to the particular solution v,.

DV+W=g
D+K)W=g
g 1 N

The general solution is now formed by superposing the
complementary function and the particular solution v,

-
V=v+v, =ce™ _|_g/k

B.C,ast — o, the terminal velocity is now attained.

v, =g/k+ce_°° = g/k
Ut = g/k
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Again at V),

0= g/k + ce ko
V:g/k_g/ke—kt
v=9 / - e *)is the velocity at any given time,

The timer for the mass to reach 99% can be obtained thus

K:g/k(l—e_kt) gk _ 99
V, g/k 100
99
—=1—e Tkt =
2 ¢ 100
=>1—ek =i:>ekf =100
100
kt =1n100
. _In100
Tk
. In100
]
v,
V:In 100
t = ——
g

When the differential equation is not homogeneous,the solution take
stages first obtaining the complementary function by using the
characteristics equation and the particular integral associated the
equation making the complete solution to be of the form,

Y=Yc+yp

The last method we have already treated has given as the
technicalities of finding y,

For constant co-efficient, it now remains how to find a particular
solution. If a linear differential equation with constant coefficient is
given by
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fD)y=q,

Then a particular integral is

yp = f(D)Q.
L
fD)
shall out lone.

The quantity Q is evaluated using any of the methods below as we

i. Recalling that f(D) is a polynomial in D, we can factorize it as a
product of n linear expression in D.

i.e
fD)=D-a)D—-az)(D—ay,)
In this case, if we consider,

D?—-2D—-8,=({D—-4)D+D=(D—-4)(D-[-2])

1
Thenyp =mQ =[

1 1 1 ] Q
D—aq ! D—a, ! (D—a3)

This right-hand side is evaluated step by step taking the first factor
the right with Q.

As regards the example given above if Q is given as 3%,

1 3x 1 3x

P=oo-0¢ D+2)°

Letu=D—4
(D +2)U = e3*
DU + 2U = e3*
du 3
a+2u=e

Find the integrating factor, e/P 4% = ¢f2dx = g2«

due?*
- — e3x _ er — eSx
X
due?* :
= e>X
dx
ue?* = f e dx = —e>*
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1
u=-e

5

3x

Substituting in the original equation,

Using integrating factor
ef—4dx — ef—4x

—4x
due — le3x —4x

dx 5

1 1
Ue ™ = gf e dx e ™ = gf e ¥ dx

Ue ™ = —%e‘x

1

U=—— 3x
z e

This implies that
1
_ 3
yp _ge x

This if one gets y. which is
V. = Cie*™ + Cre™%

Then,
1
y = Cle4x + Cze_zx —EQBx

" . . : 1.
(ii) The second method involves a situation where — is expressed as

f(D]
sum of n partial fractions in D.The partial fraction is first
resolved.
example,

D? — 2D — 8e3*

V. = C1e** + Ce %%
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1 3y 1

= mz—20-8)° T D-HD+2)

First we resolve the denominator in partial fraction.

This gives
1 1,
6lD—-4 D+2
1 e3x 1 e3x
p “6D-4 6D+2
1 e3x 1 e3x
6(3—4) 63+2
eBx eSx 1 -
== ——p
6 30 6

y = Cie* + Ce 3% ——e3%
Examplel7
Solve

D3 —D?—8D + (2)y = xe?*
Solution
Obtain y,:

D3 -D?—-8D+12=(D-2)(D—-2)(D +3)
=y, = C,e%* + xC,e%* + C3e™3*
— 1 2x

Now y, = (D-2)(D-2)(D+3) xe

_ 1 1 1 o3

D—2'D-2'D+3"

We take D — 2 one at a time since there are two of them.

LetU=D+3
(D —2)U = xe3*
DU — 2U = xe?*
du/dx — 2u = xe3*

The integrating factor is e 2*

Ugwu
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d_Ue—Zx — xe3x’e—2x
X

Again

du 1
— —Ju=-= 2 ,2x
- 2u=zx’e
Integrating factor = e™%*
du e x:1x3e2xe 2x
dx 2

Since U = D + 3, we now finally use

dy 1
_ 3y = — 3,2x
Ux + 3y 6x e
Interacting factor here is e3*
3 L
ye* = 3 f x° e>*dx

The right hand side can be solved by using integration by Path

3 6x 6
= eXdx = 3,5x 2 ,5x 5x _ 5x
f X = xe 25xe +1259 6258
5x
. 3x_e_ 3_5 2 g_i
e 5 [* 75 Y5125

Ugwu
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_eSx x? 3x2+6x 6
=75 (175 T25 125/

Then the solution of the differential equation is

Y=Y+
e3* 3x2 6x 6
— 2x 2x =3x 2 _ ——
y = Cre?* + xCre™ + C32°* + = | =t~ g

Example: 18

Solve(D* — 3D? — 4)y = 3 cos 3x

Solution obtain the characteristic equation C — E.

C.E=m*-3m?-4=0
letn = m?
“n?=3n—-4=0
n+1)(n—-4)=0
n=-1,n=4
M? = —1;mi,—i
M*=4m=2,-2=0
Ly =cre” ¥+ el 4 cze? 4 chemH
Y. = €1 €COSX + ¢, sinx + c3e%* + c e 2%

To obtain Vps

1
Y = (D72 —3D7 4

3 cos 3x

Now, at each part in time we replace D by the negative argument of
cos ine which is —3

1
Thus CD T 3 cos 3x becomes

1

3cos3
(—397 —3(=39) — 4 cos 3x
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1

m3c053x=ﬁ3cos3x
WY =1 C0SX + Cysinx + cze?* + g 2* +13—43cos 3x
Example 19
D3(D? + 1) = x?
C.E:M =o0,0,0,1,—1

y, =1,y, =x,y; = x%,y, = cosxys = sinx

Y, = cyleyx + c3x% + ¢4 cosx + ¢g = sinx
Then y, =

1 1
— x2=__p? 11712
PHOEE S R i

We expand [D? + 1]? using Maclaarins series which gives

[1—D?%.D* - D® + ---|x?

1
:F[l—DZ—D4—D6+---]x

1 1 1 )
%= (57540 53
Dmeans differentiate,

D2%differentiate twice

D3 .- thrice etc.

1 .
pmeans Integrate

1. .
—lintegrate twice etc.
D

1 x?
2 2 3..2
ﬁx —ﬁ+x —D’x

X x3+2 +0
z___
60 3

'.'y=y6+yp

Ugwu
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x5 x3

=C1+Xcz+63x2+c4cosx+c5sinx+@—?+2x_

Questions/Exercise 6.0
d?y  ,dy — 9 4x
1. Solve@ ™ + 2y = 2e
4
Abs |cie* + ce?* + € x/3 + c e 7% |.

2. Solve (D?+9)y =0
Ans: 3/5 e~%* + ¢, sin 3x + ¢, cos 3x.

3. (D-3)y=x3+5

4. Solve (D? + 1)(D? + 9)y2 sin 2x + cos 3x.

2
Ans: ¢y cos 3x + ¢, sinx + ¢c3 cosV3x + ¢, SinV3x —1—Ssin 3x
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CHAPTER 6

6.10 SERIES OF SOLUTION OF ORDINARY DIFFERENTIAL
EQUATION

Series solution is one of the methods used in solution of differential
equations. Series solution methods are as outlined below.

6.1.1 The Leibnitz-Maclaurin method

Linear differential equations with variable coefficients can often
be solves by assuming a solution in the form of a power series in x.
One of the simplest ways of doing this is to use the LEBINTZ-
MACLAURIN method as shown

Example

To solve the equation

d*y dy
1—x%)— —5xdy——-3y=0 6.1
( x)dx2 xdy - =3y

Solution

We first differential in times using Leibnitz formula

(1—x2)y®+) — x(2n +5)y®*) — (n+ D(n +3)y™ =0 6.2

If we assume as solution of 1 in the form of maclaurin expansion of y
then

2 T
y =y(0) +yD(0) + S y?(0) + -+ Zy0 + 6.3

Where y(r)0 denote the value of dy/dx at x =0

The values of these differential coefficients may now be found with the
help of the recurrent relation.

y+2(0) = (n+ 1)(n + 3)y™(0), (n20)6.4
Obtained from (2) by putting x = 0
Hence we have
n = 0y?(0) = 1.3.y©
n = 1y3(0) = 2.4.yW(0)
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n = 1y®(0) = 3.5.y%(0) = 1.3%.y(0)

n =1y®(0) = 4.6.y2(0) = 2.4%.6 yD(0)
n= 1y(6)(0) = 5-7-y(4)(0) = 1.32.52.7 y(0)etc.

In fact the values of all the differential coefficient at x = 0 can, in this
way, be expressed in terms of y(0) and y™®(0)

Consequently
1.3x* 1.3%5 ) o
y=y(0)|[1+ a0 x* +1.32.52,7x
» 24 , 2.4%6 . 2.4%.6%.7x° ]
+y(0) x+?x ot = + 165

Equation (6) may be taken as the general solution of I since it contains
two arbitrary constants y(0) , which are fixed by specifying boundary
conditions on the solution suppose, for e.g. that (1) in to the solved
subject to y(0) = 0,

y®(0) = 1, then (6) Becomes

24 , 2.4%6 . 2.4°.6%.8x7
y—x+?x + a1 x> + T +

2.4%.6 2r+1
m (21") (ZT + Z)X + 6.6
Which converges, by the ratio test for?x < 1

For example ,to obtain solution

Xy

= 2+(1+x)—+2y—067

Near x = 0, we first differential the equation n times using Leibnitz’s
formula. Hence we fine

XYn+2 + NYn+1 + (1 + n)yn+1 + ny, + Zyn 6.8
XYn+2 t (1 +n+ )yn+1 + (Tl + Z)yn =0 69)
Atx=o0

(A +n)yp =-n+2.y(0)

n+ 2
Yath =~ 17 o(© 610
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This recurrence relation enables the co-efficient y(0) in true
maclaurin expansion

x%y(0) x"
y=y(0)+xy1(0)+ZT+---Fyr(0)+--- 6.11

From equation (6.10)

When n =0 y;(0) = —2y(0)
n=1 y,(0)—3/,1(0) =3y(0)
n=2 y3(0) - *4/3,(0) = —4y(0)

n=23 y,(0)->/,y 2(0)=-5y(0) 6.12a

So substituting in equation (6.11)
(r+1)
y=yO[1-2x+3/5 2= H3 5+ 2t + (-7 E2x + | 6.12b

Where y(0) in an arbitrary content whose value will in general be
determine by specifying a boundary condition on y.

6.1.2 THE FROBENIUS METHOD

The type of equation to be solved by this method is assumed to have
in form
d?y

dy
E+P(x)a+q(x)y=0--- 6.13

Where P(x) and q(x) are given function of x.

We now wish to obtain solution in the neighbor of x = 0. In order to do
this P(x) and q(x) most be such that either both P(x) and q(x) are
finite in which case x = 0 is called an ordinary point of the equation,
or both xP(2) and x?q(x) remain finite at x = 0 in which case x = 0 is
called a regular point. If P(x) and q(x) do not satisfy either of these
conditions the point x = 0 is called an irregular singular point and the
frobenius method of solution about x = 0 is not then applicable, e.g.

x = Ois an ordinary point of

d’y _dy
4 Xx—+2y=0- 14
Ix2 +xdx+ y=20 6

x = Ois a regular singular point of
d’y 3dy 1
—+—-—4+—=y=0-- 6.15
dx? * x dx * x3”
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x = 0Ois an irregular singular point of

d’y 1dy
b= xy=0-- 6.16
dx? + x2 dx Xy

The essence of the Frobenius method is to assume a series solution of
the type
y =Zarxm+r = x"(ag + a;x + azx? + - +a,x" ) 6.17
r=0
Where ay, aq,a; - a, -» and in are constants to be determined. This is
moregeneral since it may have no integral values.
E.g.

Consider the equation

d*y _dy
xdx2+ dx+y 0 6.18

Assuming a solution of the form

0]
— 5 arxm+r
r=0

d [0¢]
d_ic; = Z(m +r)(m+r—1)ax™t 2
r=0

Substituting in equation (18)
4Z(m +r)m+r—1)ax™72+2 Z(m + 1) ax™ 1
r=0 r=0

arxm-‘r-r =0

Il
NgE

<
Il
=]

4Z(m +r)(m+r—-1Da,x™" 1 +2 Y (m+r)axm!
r=0 r=0

arxm+r =0

Il
NgE

<
Il
=]

Adding up the first and second terns
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(00}

2[4(‘m +r)m+r—1)+2(m+1n)]axm 1 +2 a,xm*r
r=0

r=0

Z(m + T)(Zm +2r—2+ l)arxm+r—1 +2+ = z arxm+r =0
r=0

r=0
ZZ(m +r)2m+2r — Da, x4+ 2+ = z a,x™t" =0 6.19
r=0 r=0
Whenr=0

2m(2 — Dagx™ ! + Z(m +7r)(2m + 2r — 2 4+ 1)@ Hlymir=1
r=0

+Z ax™" 6.20

And writing r + 1 for r in the second term of the equation

2 Z(m +r)2m+2r — Da,x™7 1+ 2+ = Z a,x™*"
r=0

r=0
+ z ax™" 6.21

Combining the last two terms of (6.21)
2m2m + Da,x™+ + Z(m +7r)2m+2r — 2+ 1)@ Hxmir=10 622

r=0

If (22) is to be solution to equation (18) for all x; then the coefficient of
all powers of x in (22) is x™~!; consequently

2m(2m —1)ay, =0 6.23

This equation 22 is called the indicial equation in that it determines
the values of the index m, in this case (assuming a, # 0)

2m(2m—-1) =0

The appearance of an indicial equation is a standard feature of the
frobenius method.
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The requirement is that co-efficient of higher power of x, (1.2x™4":r =
0,1,2-) leads from the 2nd term of (22) to the recurrence relation.

2m+r+1)@2m+2r+ Da, 41 +a, =0(r =0,1,2)

T o m+r+ D@2m+ 2r + 1

When m =0

T T+ D@r + 1)

-0 _ —a, _ —aq
=Y AT T
_ 1 _ —ar _ —a1 _ +a0
"= 2=5237 12 41
_ar —ao
= 2 = o —
r 4375357 6l

In general a, = 2y 40

Consequently one solution of (6.18) becomes

ag a; a (-1
0 _0,70_ 0, .
ot T et T @

y=x x+]

Which is easily recognizable as the series form of?
y = agcosvx
apan arbitrary constant

A second solution of (18) may now be obtained by considering the case
of m= 1/2. Denoting the co-efficient ar, by br, the recurrence relation

because m = 1/,

_br _br
br+1= - _
2m+r+DCm+2r+1) 21, +r+1)A+2r+1)
When
0 b —bg —-b
r= = =
1 23/22 31
Whenr=1
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b _Th _=hi_b
2 25/2_4 20 5!
—b, —by +by
=2 = =
r bs 29,6 42 71
P G Ol
Generally;b, = ey "
Another solution
2 3
1 —D0p ¢x°  box
y=x by Ex+ Tt

v,
(Br+1)

y = by sinVx
General solution is
y = AsinVx + Bsinvx
Example

To solve the equation

d*y
W =Xy ... (1)

"

y —xy (2)

Assume as solution of the form
0
y — Z arxm+r
r=0

yt = Z(m +r)a,x™t 1
r=0

ylt = Z(m +r)(m+71—1a.x™ 2
r=0

Ugwu
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Substituting in (1)

(m+r)(m+7r—1a,x™72 Z a,x™7 =0

r=0 r=0
Taking r = 0,1,2
agm(m — Dx™ 2 + a;(m + 10(m)x™ ! + a,(m + 2)(m + 2)x™

o0} o9}

Z a,(m+r)(m+r—1Dxm72 — Z a,x™t 1 =0—(3)

r=3 r=0
Writing r + 3 = sin(3)
agm(m — Dx™ 2 + a;(m + DH(m)mx™ 1 + a,(m + 2)(m + 1)x™

(o]

m+r+3)(m+r+2a,3—ax"7"t =0 (4

r=3
Aom (m+1)m=0
a(m+1)m=0 (5)
a,(m+2)(m+1)=0
aT
ar+3 = (r;: 0:1121'“)

m+r+3)(m+r+2)
The indicial equation gives m = 0 &1lie from g, (m+1)m=0
aiisarbitrary constant a, = 0

~Recurrence relation gives

a,
ar+3_(m+r+3)(m+r+2)
m=20
r=0

Qg
=33
a,
r = a4—E
a,
r=2 a5—ﬁ=0
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_ 3 _a Qo
T=2 AT 5T 6532
ay ap
=4 = —=
r Y6 7643

Hence the solution becomes

apx®  a;x, Qg
3.2 43  6.5.3.2

y=ay+ay, +

n aox

7643
- 1+x3+ X FIN +x4+ x +
TS T e 532 WX T 5T 7643

apand a,are arbitrary constant another possible case is when m+1
here, a; = 0 whilst a, = 0 as bale the recurrence relation gives.

Ao ap
43 =3304=5,=0
a, as
@5 =gs =0 a =773
ay as
“=g7=0 ®=gg="
a6 O

=109 10987643

Hence the solution corresponding to m &1 is

_ Qo 3 -
y=x (ao T3 T 7643

x6 + ...)

6.1.3 BESSEL’S EQUATION

242
x“d xd
y L xdy

2 2% —
7 — +(x*—vi)y=o0 6.23

The equation
Where # real constant is is call Bessel’s equation and their solutions

are the Bessel function of orderr. Applying the Frobnenius method
and assuming as serves solution of the type
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y = @ @)
r=0

yt = Z(m + r)a,xmtr1
r=0

ytl = Z(m + 7)Y (m+7r—1)axmt 2

r=0
Substituting in equation (1)
x? Z a,m+r)Yim+r—Da,x™" 2 +x ) (m+r)axmt1
r=0 r=0

oo
+(X2 _ vZ)Z arxm+r+1 =0
r=0

(o]

Z a,((m+r)(m+ » Da,x™" + Z(m +r)a,x™*"
r=0

r=0
+z arxm+r+2 — 172 z arxm+r _ (3)
Z a, (m+r)’(m+r—1Dax™72 +
r=

(o]
(m +r)a,x™ " v? z a,xm™t" =0
r=0 r=0

0

[0¢]

a, [((m+1)? —v?]a,x™" + z a,x™t" =0
=0 r=0

r

When
r = 0 from (3)
m(m — 1)ay (m + 1)ma,

m(m — Dayx™ + (m + Dma,;x™*! +

[00]

+Z arxm+r+2 =0

r=0

Puttingr =r+2
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(m — D (magx™ + m(m + Dax™ + 2 a, [((m+1)? —v?]
r=0
ar+2xm+r+2 + +Z arxm+r+2 =0
r=0
(m—-—1may=0--i(m+1na, =0
+2= & =0,1,2
or _m+2+r3—v2(r_ 1.2)
ap,=oand m =1V
From the indicial equation, m = 0,1
From (6) m = +v
r=20
_ —ao _ —Q4y
%= (w+2)2-V2 v2+v+v-—V2
a4 = — 20
27 2Qv+2)
Forr=1 a, =0
_ a; _ 1 agp
M w2 —vZ [(VZ+8v+16) — v2]2(2v + 2)
Ao
Ay =
24Q2v+4)(2v + 2)
The series solution becomes
x2 x%...
= vi-1 -1 6.27
Y= doX { 2Q2v+2) 2420 + 4)(2v + 2 +}
Provided V is not a negative integer similarly, with m = —v we obtain

from the recurrence relation.

_ —0ay . —Qy
(V422 -V2 T (v—4v +4) - V2

a,

- 2(2v +2)

Forr=1a; =0

Whenr =2
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—0ap —Qy
a = =
YT (v +42-V2 T v2-8v+16-V2

_ +a0
=5 40v - 0)(2v - 2)

The solution is

2 4
y=apxV{l+ - -1 ad + . 12,28
2Q2v - 2) 24Qv—-2)(2v—4)

Provided v, is not a positive integer.

In proceeding Bessel function, it is assumed that

1
Ay = ———— 6.29

Jw+1

Where I'(v + 1) is the gamma function; now with this form ofa,, we
dejoin the Bessel function of the first kind and order,V;, j,(x) such that

From (7)

> (_1)7" r+2v
y =)= ;m(g) 6.30

Similarly the second solution (8) becomes

> (-1 r4+2v
y=J],x) = Z)m(%) 6.31

The general solution of Bessel equation for non-integral v is therefore
y=4 J,(x)+B J_,(x) 6.32

Where A and B are arbitrary constables if V = n where n is a +ve
integer, then

Since

n+r+1)=((m+r),(9) Becomes

[oe]

Jo(x) = z b (g)mr 6.33

rzor! (1)
o (=1)7 xR
Jn(x) = Z)m(g) 6.34
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Now the 1stnterms of this series are zero since the - function ag
factorial function of negative integers is infinite. Hence putting
r=n+p

In 12 we have
@ (_1)T X —n+2r
Jon(x) = Zm(i) 6.35

i (_1)r x\N+2p
_ Z oo 3) 6.36
p=0
=(=D",(x) 637

However J, (x) and J_,(x) are linearly dependent. Hence Fresenius
method gives only one solution in these circumstances, therefore
(633), cannot be taken as the general solution o the Bessel equation

Whenn=v

Finally we note that from 6.36

1—x? x° x?
Jo(x) = ez + G T B +-+ 638
Whenn =1
Forn=1
x 1—x? x° x?

+---3.39

O R T TR TE TR AT

From which it follows that

d
o
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CHAPTER 7
7.1.0 Partial differential equation

Definition: A partial differential equation (PDE) is an equation relating
an unknown function (the dependent variable) of two or more
variables with one or more of its variable partial derivatives with
respect to those variables. The most commonly occurring independent
variables are those describing position and time and so on. Obviously
most differential equations of physics involve quantities depending on
both space and time which most cases involve partial derivatives and
so are partial differential equations(PDE's). They occur as (a) partial
differential equation of first degree in the dependent variable and (b)
partial differential equation of second order.

7.1.1 Classification of PDE’s

Here we focus on second order equations in two variables such as the
wave equation

PE go w (Hyperbolic)

Laplace or poison’s equatlon

(PDE' )—6—(’) f(x,y), (Elliptic)

Or Fourier’s heat equation.

i;jc—(g - 6—(’) = f(x,t), (Parabolic)

What do the names hyperbolic, elliptic and parabolic implies? This
steamed that from a co-ordinate geometrical concept that a quadratic
curve.

ax? +2bxy +cy*+ fx+gy+h=0

Represents a hyperbola, an ellipse and parabola depending on
whether the descriminant, ac — b?, is less than zero, greater than zero
or equal to zero.

Similarly, the equation

9%¢ 9%¢ 9%
R ——— 2 R ——— =
a(x,y) 972 + 2b(x,y) oxdy +c(x,y) 3y? + (lower order) =0

Is said to be hyperbolic, elliptic or parabolic at a point (x, y)if
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a(x,y) b(x,y)
b(x,y) c(x,y)

= |ac — bzlxy

Is less than, greater than or equal to zero, respectively. This
classification helps us understand what sort of initial or boundary
data we need to specify the problem.

Three classes of boundary conditions as already spelt out in the
discussion of order differential equation are also need in solving
partial differential equation.

7.1.2 Method of Solution of PDE’s

There are different methods of solving PDE’s but in this part but we
mention solution from direct partial integration which is only limited
to simplest form of partial differential equation which we many not
worry about to discuss here as it is simply based on direct integration
and then we go on to discuss separation of variable. Another method
is by use of integral transform and Green’s functions separation of
variable which is peculiar to second order partial differential equation.

In this approach, we try to separate the variables. That is to keep the
independent variable as separate as possible. For instant, if we seek a
solution to PDE of the form U(x,y,z,t) we first of all separate the
variable thus

@(x,y,z,t) =X(x) Y(¥) Z(2) T(t)

And then solve them separately as by the virtue of the separation, the
PDE is reduced to four separate ordinary differential equations which
must be connected through four constant parameters that satisfy an
algebraic relation. These constants are called separation constants.

Example

Obtain a general solution for 3D wave equation given as
2

VZo(r) = 232 ()

Solution

We solve this equation working in Cartesian co-ordinates

0%p 9% dp 1 0%

a2 vz e

The first step is to separate the variables as

XYW Z(@)T®) = ¢(x,y,2,1t)
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The next is to differentiate twice each term respectively.

: (YZT)+d2Y(XZT)dZZ(XYT)
dx? dy? dz?
1 d’T
EEFTAGRED

This can simply be written as

" n n 1 n
XYZT+XY ZT+XYZ T:ﬁT XYZ

Now we divide through by XY Z T term by term

" " "

X Y Z 1

p o _=_T”

X Y Z C?
Let —u? = —[I1?> + m? + n?]
We can now write

2

)

2 2

—=-/? Y—=—m Z—=—n and T—=y
’ Y Z T

>X +X°=0, Y +Ym?=0, Z +Zn*=0and T —C*T=0

These are now ordinary differential equations which are straight
forward and have general solution as given below respectively.

X(x) = Aexpi(lx) + B exp — i(Ix)(a)
C expi(my) + D exp— i(3)(b)
E expi(nz) + F exp — i(nz)(c)

G exp i(cut) + H exp — i(cut) (e)

A, B, ...,H are arbitrary constants that may be determined with given
boundary conditions as mayhave be defined in the problem. If we seek
a particular solution, then equations (a), (b) (c) and (e) can be written
as

X(x) =expilx, Y(y) = expiny
Z(z) = expinz and T(t) = exp—icut

The solution is written as the superposition of the solutions term by
termis started in the process of separation i.e.

X&) YO  Z(2) T(t) = ¢(x,y,2,t)
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~o(x,y,z,t) =expilx .expimy .expinz .exp —icut
= expi[lx + my + nz — cut]

Note that [,mandn are vector components of wave called wave
numberk, cu is the angular frequency of the wave

~p(x,y, z,t) =expi|[Kx + K,y + K,z — wk

Example 2

%29 _ 09
Solve K— = —
dx2 at

Using separation of variables considering that t — oo for all x

Solution

p(x,t) = X(x) T(t)
X'T—XT =0

Dividing through by U = XT and then by K

" l

X T

X KT

If we take a - 1% as a constant, then

b'¢ T

_=_AZI _=_AZ

X T
'X”+/12—0 T,+/12—0
TX 7 T B

The general solution becomes
X(x) =AcosAx+ Bsinlx
T(t) = C exp-A> kt

Thus ¢@(x,t) =[AcosAx + BsinAx]Cexp-A*kt using the boundary
condition that

o(x,t) =X(0)T() =0
And
o(L,0)=X({L)TEX)=0

For X(0) =0 = Acos0+ Bsin0
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At X(L) =BsinAL =0
B#0
Therefore sinAL =0

AL =sin"10 =nn

A= o, =123
- L ) n= ey Iy nen
For the second parts,
T' + kA*nT =0

T(t) = C, exp-A* kt

nmnx
<p(x, t) = Cn sin (T) e"lzkt

C,is a constant.

This is the solution of the heat equation satisfying the boundary
conditions.

Example
Determine a solution U(x,y) of he Laplace equation

2 2
Sr+2t-0
subject to the following boundary conditions.
o =0whenx=0, ¢ =0 whenx=m

¢ >0 wheny -0, @=x wheny=20
Solution
Using our normal method,;

p(x,y) = X(x) Y(y); the equation becomes

" "

X Y

X Y
Assuming a constant - P?

We can now write the proceeding equation as
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+p>=0 and

The first has solution of
X =Acospx+Bsinpx

While the second one has solution of the form

Y=Cexppy+Dexp—py
The general solution becomes

@(x,y) =[Acospx+ Bsinpx]|[Cexppy+ Dexp—pyl
Now we apply the first boundary condition;
©=0,x=0;
which reduces the equation to be of the form
@(x,y) =sinpx[Rexppy+ Qexp—py]
With secondary boundary condition, ¢(r,y) =0
= 0 =sinpr[Rexppy+Qexp—py]
Now if we recall that
sinpm =0, then
pT =nm; p=n
Where n = 1,2,3, ...
s~ @(x,y) = sinnx[Rexpny + Q exp —ny]
With 3rd boundary condition ¢ - 0asy - «
0 =sinnx[Rexpny+ Qexp—ny]
But since it is obvious that
exp—ny — 0, then
¢, (x,y) = @ sinnx exp —ny

Forn =1,

Ugwu
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¢1(x,y) = @1 exp—ysinx

Forn=2

@, (x,y) = @, exp —2y sin 2x

px,y) = z Qrexp—rysinrx

r=1

Becomes the solution at this stage finally with the fourth boundary
condition

7 A

Z=0¢xYy)

v

(0]
3= Z Qrsinrx
r=1

To obtain the value of Qr, we consider that fact from 0 torw equal x is
range. Therefore

Qr = 2 X mean value of 3sinrx betweenOtomn

2 (™ 6
Qrz—f 3sinrx dxz—[—
m J, T

Cos T'X]”

r 0
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. 12 .
.~ Qr = 0 whenr is even; and Qr = — when r is odd.

[00]

12 _
~(x,y) = z —exp—rysinrx

Tedd =1

271 . 1 . 1 . . 12
Q(x,y)=—|e7Vsinx+—-e*Ysin3x +-e Y sin5x + -+ —e Y smrx]
T 3 5 T

7.1.3 Laplace’s Equation

This type of equation concerns the distribution of fields such as
temperature, potential which are scalar fields and other types of filed
over a plane area subject to certain boundary conditions.

For example, if we designate the potential at a point P in a plane by an
ordinate axis and consider it to be a function of this position as given
below,

Z=9xy)
where @(x,y)
Is a solution of the Laplace two dimensional equation, then

%2 09%¢

%2 Tay2 =0

At this point, we wish o determine the solution of equation

% 09%¢

%2 Tay2 = 0

For a rectangular bounded by line x =0,y =0 and x =a andy =b
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1
’
A /
A /
’
’
’
/ y
’
’
/
’
’
’
’
’
’
/
/
/

b/ ¢
4

/

P >
»

0 a

With this specification, it implies that
o =0, whenx =0,0 <y < b;
@ =0, wheny =0,0<x<a

i.e.
©0,y) =0 and p(a,y) =0 for,0<x<a

The solution Z = ¢@(x,y) gives the potential at any point within the
rectangle OPRQ

2 ., 0%
—=XY,—=Y X
0x? ay?

Now,
p(x,y) =X(x).Y(y)

" "

X Y
5> —=——
X Y

We assume a constant - P?
This enables us to write the proceeding equation as
X' +p*x=0and Y —p*Y =0
The solution of these equations is
X = Acospx + B sinpx

Y = C coshpy + D sinhpy = E sinh(y + ¢)p
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Now the general solution is

@(x,y) = [Acos px + B sin px][E sinh p(y + ¢)]
= [Q cos px + R sin px] sinh p(y + ¢)

AE = Q, BE = Rare all arbitrary constant. Applying the first boundary
condition

¢(x,y) =0; Qsinhp(y+¥
. Q=0
= @(x,y) = Rsinpx sinh 0(y + Q)
Applying the secondary boundary condition where we have
U(a,y) =0
0 = Rsinpasinhp(y + Q)
= sinpa =0; pa=nn

Assuming 1 = p, then

~ @(x,y) = Rsin Ax sinh A(y + Q)

Again using the boundary condition (third) which specifies ¢(x,y) =
0; 0 = RsinAxsinh A(b + ¢)

= sinh A(b + ¢)

¢ =-b
%~ @(x,y) = RsinAsinh A (y — b)

o(x,y) = Z R, sinAsinh A (b —y)
r=1

From the fourth boundary condition

Qo(x» 0) = f(x)
flx) = ZRT sinAsinh A (b — )
r=1

~ R, sinAb = 2 X mean value of f(x) sin Ax
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Fromx=0tox=a

2
2
R, = aff(x) sin A xdx
0

7.1.4 Separation of Variables in Polar Coordinates

In as much as we can express Laplace’s equation in cylindrical and
spherical polar coordinates such as

e lo( 0 10 |
“pop\Pap " pTag?
VZ—16 a+162+6262 B
=pp\Pap T pragr T OO
V2_16< 6) 1 6(_60)+ 1 9?2 c
“r2ar\" 9r2)r2sin609 \°" " 96) T 7Zsin 6 92

These three forms of equation can be solved using separation of
variables for instant from equation A we write @(p,¢p) = p(p)P(¢), the
equation becomes

® 0 0 P 9%d
(v 3,)

pop\* 9p) T P70
Divide through by U = p® and multiply through by p?, one obtains

pd [ oP 109°d
Pap\" dp @ d¢p?

We assume the second term in the equation to be -n?

1 92

f———@ = —n?
P 92

-n

Considering this equation in such a way thatn # 0, the solution
becomes

®(¢p) =Aexping + Bexp—in¢

The original equation becomes

2 52
BO_P p_ap_nZ—O
Pap P dp?
262P+ 0P o
p dp? pap =
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pP" +pP —n?P =0

The equation can be solved using power series solution or
substitution.

For cylindrical coordinate

19/ 0 1 0%p 09?2
| ¢ 9,29 4
pop

Pap T 70 T o2
9(p,¢,2) = P(p)®(¢) Z(2)
1 d( dP>+ 1 d2d>+1d22_0
Ppdp 'de dp2dep?  ZdzZ?

We consider a separation constant K? and associate it to the third of
the equation. Thus

1 d%*z

—— =K?
Pp dz?

Whose solution is
Z(z) cexp—KZ) + D exp(KZ)
The original equation reduces to

1 d( dP)+ 1 d?®
Ppdp pdp

After multiplying by p?

We again take another separation constant as m? and then associate

it to the second term of this proceeding equation thus

1d%®
® dgp?

=—-m

Whose solution becomes
®d(¢p) = ecosme + fD sinmg

The original equation becomes now

d<dp)+1<2(2 )P =0
Papr\Pap prmmIn=
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This final expression can be solved first by transforming it into
Bessel’s equation which we may get into in this text.

8.1.1 GREEN’S FUNCTIONS

Green’s functions play an important role in the solution of linear
ordinary and partial differential equations and are a key component to
the development of boundary integral equation methods.

Consider a given linear differential equation L(x) U(x) = F(x) ...(1)

Where L(x) is a linear, self- ad joint differential operator U(x) is the
unknown function with f(x) as a known nonOhomogeneous term. We

-1
can construct the inverse operator L'(x) such that L ( ) L(X) =
L(x) L'(x) = 1.
Having obtained L*(X) , then we can now write U(x) = L*(x) f(x)

L may be a bounded operator or an unbounded operator if L is a
differential operator, then it is an unbounded operator.

When L(x) is a differential operator, then the inverse operator L(x) is
an integral operator such that L'u(x) = &x,x'f(x') dx

Where the kernel G(x,X') is called

Is called a green’s function if the last defined equation holds then the
green’s function G(x,x')=0(x,x') and the solution of the problem can

be writer informs of green’s function as
U(X) =G(x,x") f (x)dx'

To prove that this is a solution to the problem,

Lu(x)u(x) = f(x)=f(x)

LU (x)=L _f G(xx)f (x') dx’

o0
We simply substitute as follows j LG (x,x')f (x")dx
-0

T S(x,x'f (x')dx' = f (x)
-0
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This was made possible due to the linearity of the differential and
inverse operators.

The green’s function can be interpreted physically for variety of
differential operator considered in mathematical physics and
engineering. It is very interesting and less cumber some. It just
involves an approach to the solution of nonhomogeneous boundary-
value problem in which the problem is approached first by a means of
constructing an auxiliary function known as green’s function if we
consider two dimensional lap lace’s equation

d’u d‘u
= +
dx’ dx”

1

Vu

Where V is the operator. The green’s functions for this particular
differential operator is known to be

/__i =_i /_/2 2y 12
G(x,x')= 5 Inr > In J(x' =X,) +(x x,”)

T

We note here that the green’s functions gives the potential at the point
x due to a point x! the source point which this, Green’s function only
depends on the distance between the source and field point.

Example 22

Consider a stretched string at rest under an external distributed load
given by f (x) (force per unit lengthO. the displacement u of the string
is a function of x only and satisfies differential equation

T M = f (x)
dx 2

withu (0)= u(L)=0

Solution

Let

Us solve the problem for F, at the point

Now we seek the solution of the equation
G(0,x')=G (Lx')=0

Where we require that
this G(x,x') = Ax+B for0< x<x’

Applying the boundary condition shows that at x=0, b=0 while A
remains undetermined

Also asG(x,x' )= Ax+B'for x' <x <L
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With the boundary condition at x =L we obtain Bl = —AlL While Al
undetermined As G(x,X') appears to be possibly the idealized

represented shape of the string, it must be continuous ax=x' which
mean that AX' (X' —L) we now the differential equation as

426G ,
— = J(x=x")
dX2 A
fo
— I ——
Between < L >

x'—e and X'+ e and set e— 0 to obtain d—G[(x’+0),x’]—d—G(x’—0,x’):1
dx dG

We now obtain
95 (¢ +0),x from
dx

dG Ax!

G(x,x’)— AX L(x-L)x<x' where yields _

X dx[(x’+0),x’} x—L

similarly from G (xlx’):Ax(x,x’)
dG

we obtain dx(xl—O,xl):A

1/(x1—|_) _
then, from Ax — A=1 we obtain
L—x

L

G(x,x’) X/ LEXJX/SXSL.

0<x<x

Az(x’—L)/L X
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We note that the Green’s function is symmetric in the variables
x and x’

ie G(xx')=G(xX)
Which is a property that is very essential in many applications?
The general solution of the no homogenous equation
2y f(x
a7 = Qwith given
T
dx 2

L )
Boundary conditions is given by u(x)= I G(x, X' )f (')I('_j dx’
0

Example 23

2

Obtain y(x) that satisfied i’ +K2y =—fxfor0< x<a

dx 2
Subject to the condition y (0)=y(a)=0

Solution

With green’s function method, we must first determine the green’s
function G(X, X’) associated with the d e such G obeys the equation
d°u

dx’

if G is known then

+KG =-6(x,x")

v (Xx)= TG(X, x')f (x)dx’
0

In constructing green’s functions for this problem, we observe some
important properties

i The green’s function associated with the differential equation
satisfies the homogeneous d.eG" +k’G =0 in each of the intervals
0<x'«2x andx<x <a, but not at x=Xx because the second derivative of
G does not exist at that point.
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iiG (X, X’) satisfies the boundary condition of the given problem. Thus
G(x,0)=G(x,a)=0

iiiG(x,x') is symmetric as already mentioned ieG(x,x')=5(x,X)

Now going back to our problem, obtainG of the form

G(x x")=ACos Kx'+BCos Kx':0<x <xand G(x,x')=C sin Kx'+D Cos Kx'x<x < a

Since in each of the stated interval G’ +k’G =0

G= A'exp ik X' + D exp-ikx

and the B.c, G(x,0)=G(x,a)=0

G(x,0)=B=0and G(x,a)=C sin Ka+ D Cos Ka=0
Csinka

_Coska
A sin kx = C sin kx + D cos kx

_ C sin Kx Cos Ka - C sin Kx sin ka

cos ka
A sin kx Cos ka

"~ Asin Cos Ka -Cos kx sin ka

and D = C sin ka
Cos ka

) Lo A sin kx = C sin kx + D cos kx
Differentiating

kC cos kx - kD sin kx =KA cos kx =-,
Substituting for C and D, we obtain

We substitute for the values of C and D respectively in order to enable
get A

KA cos kx sin kx cos ka+KA sin2 kx sin ka-kA cos kx (sin kx cos ka-cos kx sin ka ) = - (sin kx cos ka +coskx sin ka )

Ka cos kx sin kx cos ka + KA sin kx sin ka - kA cos kx sin kx cos ka + kA 0052 kx sin ka=- (sin kx cos ka cos kx sin ka)

KA sin ka |sin2 kx +cos 2k ) ] )
kKA sin ka =sin kx cos ka -cos kx sin kx

_ [sin kx cos ka -cos kx sin ks
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K (x
= —sn_] (xa) and b=0
k sink (a-x)
_Asin kx cos ka - sin kx cos ka sin kx sin ka
= - = _ and D = ———M—
- sin k (a-x) k sin ka k sin ka
sin kx' sin k (a -
~G(xX) = in I_ ( X);s x' < x
k sin kx
_sin kx cos ka sin kx'+ sin kx sin ka cos x'
k sin ka
6(xx)= sin kx Slh k (a-x); < < ¥ <a
Ksin ka

This expression is green’s function for the differential equation. The
final solution of problem can be written as

w(x)= :[:G(x,x’)f(x’) dx’

a o : Ly
~ J-sm kx sin k (a-x )5(x,x’)Adx’
0

B k sin ka

8.1.2 SOLUTION INVOLVING SERIES EXPANSION

We can also use series expansion to construct green’s function for a

given nonhomogeneousproblem say y .[ G X, X' f (X )dx’
0

Green’s function G(X,x ) mast

2

Therefore sa‘usfy((jj =0(x,Xx")

And G(0,x')=G(L,x')=0

Since G(x,x') varnishes at the end of the interval (0,L), it follows that
if it the be expanded in a series of chosen orthogonal function such

o0
nzXx
that, for instance the Fourier sine series G X, X Z SIn ( 7[ j

Where the expansion co-efficienty, and depend on xi

218
IDOSR JOURNAL OF SCIENTIFIC RESEARCH E. BOOK, 1-295, 2020.



www.idosr.org/E.BOOK Ugwu

o0
We differentiate twice to obtains(x,x')= > y,(x') sin (%}
n-1

dZG(X’X/): i _n2”2 yn (X/) sin (@j
dx 2 n= L2

2 nzx'

Also ifA_ (x)=2 [ 5(xx) sin "X dx=2 sin 17X
1 L L L L

O —r

S(x,x') = i A, (x') sin (n%xj

n-1

Then

Putting the series into the differential equation for G(X, X’) and

equating to the coefficient, we obtain

(_ nz;;zj (X/):E i (nnx/j
) L L

So that
o0
G(x,x’):% > izsm N7ZX sjn DX
T I,]:ln L L

This formula represents exactly the same green’s function we had
G(x,x)=x(I-x)0<x<x

already obtained before.
—X'(L-x)x' <x<L

Which also can be verified directly by expending it in Fourier since
series for the series, we construct the solution as thus

L
y(x)= E!)‘G(x,x’) f(x') dx’

Which leads to?(0,L),
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Where an are the Fourier since coefficient of f(x) green’s function many
be more valuable for computation if it is known in “closed”. For
instance, the expression

y(x)= ]( X(X;I_Ljf (x")dx' + z X' (X;LL) f(x")dx’

0

Is usually considered to be simpler than the Fourier series for y(x)*

Example 24

A stretched string is subjected to forced vibrations by on external farce
f(x,t)

per unit length which varies harmonically with time. The equation is

ou _odu

2 o p 2

ou ot
f(x,t)="f(x)e"

given by T = f (x,t)can be represented in the form

This the solution u (x,t) would have the same time dependence

u(x,t)=y(x)e"

This means that y(x) satisfies the d.e%+kzyzﬂ,k2 -2

X T c’
With the boundary conditions y(2)=y(L)=0 we new seek the green’s
d’G
function satisfying dx’
G(0,x)=G(L,x")=0

+k’G=0(x,Xx'),

Using the method of the Fourier since series (or finite Fourier since

transform) ie we multiply both sides of the d.e by sin (nLLXJ and
integrate from O to 1 (0,L), we obtain

m’z* m’rx
A == +
mn az bz

)(m, n=1, 2,3,...)is the Fourier coefficient of the

function is
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N2 "L 28 (””Lj (X
=7, (X ):E sin | ————=—- and G(x,x )=E > sin —72_28m [nﬂtj
2

This result expresses the symmetry nature of green’s function and

22
again it shows that the formula fails if k 207 for positive integer
|2
n2 72_2
of n. this prevails when G(x, x') does not exist with k*= then

L2

y =0 which possess

2

d’y N N’z
dx’

2

the homogeneous equation reads

nontrivial solution such as sin (nﬂ Ij which satiates the prescribed
boundary conditions.

To summarize the explosion technique of obtaining the green’s
function, we assume that we want to solve the differential equation

ty(x) = f(x) where ¢ is a strum —Liouville differential operator. y(x)
Must be expected to satisfy the boundary conditions B y(X) =0 where

B is the boundary condition operator, namely, an expression of the
B=a +a, i(at x=a)
form (;ijx
=p+p —(atx=Db
p=p+Bo (atx=b)

We now seek for the green’s function G(x,x') that will satisfy

1G=0(x,x',pG=0
Eul(x)z/lul,ﬁu}L =0

If G exists and if the set (u,) is complete, then G can easily be

represented as G X, X Z}/ Applymg the operator,/ we have

Zyﬁu Zyﬂ(x) u, (x)=35(x,x")

()
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if we multiply both sides by Uu’,(x) and integrate over x

b
%7@ (x’)ﬂJ. u', (x)u, (x)dx=u’,(x')

These set of equations can be used to evaluate y, (X’) which is easily

solved if the eigenfunction u,(x) are or tonsorial, thus

b
J' u (x) u, (x) dx=5(14")
a This leads us to

2 )

and

G(X’X/):%:M’ the so

Called bilinear formula that can enable one to write green’s function
at once if the eigenvalues and eigen functions of 0 are known very
often, if the problem is of the form ¢y—Ay=f where A is an arbitrary
parameter the actual eigenvalues of < are usually denoted by 1 and
the bilinear

0 /
Formula reads G(x,x')= z: u,(x)u, ()
=" -2

In complex spaces of functions the bilinear formula is modified to read

6 (xx)- 3 L0

And Green’s function is not symmetric, but rather hermitian under
the inter change of x and x/

G(x,x')=G™ (x,x')As shown by Butkov in his text. 9
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8.1.3 FREE SPACE AND REGION DEPENDENT

Green’s functions

In the discussion above concerning the solution of a differential
equation with a green’s function, mention has been made of boundary
conditions for the problem because we had not opted to seek for a
particular solution. The particular solution is of course independent of
any boundary conditions for the problem however, we can always add
homogeneous solution to the Green’s function.

To obtain a particular

Solution we must always consider the independent of any boundary
conditions for the problem but we L(X)G(X,X )=4(x,x) can however

add homogeneous solution to Green’s function,
G(x.%)=G,(xx)+G,(xx,)

where L(X)GR (X, X )=5(x,X,)

Go, the particular solution is termed the free space green’s function
and also referred to as the fundamental solution for the differential

operator L(X) and is singular. The homogeneous solution GR is non-

singular. Since GR is a homogeneous solution, it will contain
constants which can be evaluated to satisfy any boundary conditions,

for the problem while the full Green’s function G(X, X’) is termed

region-dependent Green’s function since in general, it contains not
only particular terms to satisfy any boundary conditions for the
problem. Boundary element Methods can be viewed as a symmetric
way of constructing numerical approximations to a region dependent,
or exact, Green’s functions.

Taking a look into Green’s function for a partial differential equation
we just consider the Helmholtz equation in three dimensions

A+k2 lu=0

2 52 52
+—+
ox: Ox; OX;

1

where A=

Where A is the Laplacianoperator. In this case, we seek the Green’s
function L(x)G(x,X)=-6(x,x')

Where we have to note that three dimensional Dirac delta function is
simply product of delta function in each contained
O(X, X =0(X,X)O(x,,X.5(X,, X

21 72
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To obtain the free-space Green’s function for the problem, we apply a
Fourier transform method since we will a only be calculating the free-
space component of the Green’s function one can simply use a single
variable y = x—x' as the free-space Green’s function will only depend

on the relative distance between the source and the filed points and
not their absolute position. The flourier transform paid we will use is

A o0
U() =(%)3 [ u(r) exp—iqrdr

© A
[ Ut@expiardg

27[3 —®©

We now apply the forward transform to the differential equation for
the Green’s function and obtain.

et
Now if we let q2 =q12+q22-|-q32

Then[ z_sz (a)= (271[)

The Green’s function in the transform space is then written as
1 = exp(iqr)
- 3 2_)2 d
(272') —00 q o

The internal is an isotropic Fourier integral since if depends only does
on the magnitude of q, which is q, but does depend on the direction of
q.- Barton in his book elements of green’s function and propagation,
Oxford science press 1989” gives the general result for isotropic

q

o0
Fourier integrals in three J f (q)expiqrdg =

o0

o0
?ﬂ g qf (R) sin (qR)dq
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Where R is the magnitude of r, using this result, the inversion integral

|-

we then seek for G(r)

Of sin (gR)dq
(2 )3 0 [qz kZ]

This integral can be evaluated by contour integration, but we first
write the sin term in complex exponential.
expigR —exp—igR

2i

i.esin(qR)=

The integral is then written as

no 4 1 T qgexpigR % gexp(-iaR)
)= a7 7w _J;o(q—k)(quk)d _{o(q_k)(q+k)d

_ 4 1 | _]
C@r) 4iR| 1 2

Il which is the first part of the integral can be evaluated by

considering a contour in the complex q plane. Since the denominator
of the integrand has poles on the real axis, imaginary part was
introduce in order to effect the poles from the real q axis

. ge™
| =27 ) _ .
1 Re520 q+(k+|g)[q—(k+|g):|

Img>0

=rziexpi(k+ie)R

Obtained by taking a contour in the upper half-plane due to the
behaviour of the numerator of the integrand of q becomes large. Using
the theory of if the limit as ¢ =>0 is considered, we have

I1 =—7xi expikR

Similarly using the same process for I>, we take a contour in the lower

half-half to obtain

I 5 = —i expikR
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Now substituting back the value of I1 andlz, we take a contour in the

G(r)= ai

1. .
lower half-half to obtain (27) g iriexpikp + 7z ienxp ikR}

1 exp ikR
47R

Let us consider a no homogeneous PDE in two space variables such

d’‘U d‘u

as, for instance, the Poisson equation e + v f(xy)
X y

Specifically, we need to discuss, the state deflection of a rectangular
membrane in which the known function f (X, y) represents, the

external load per unit area, divided by T (tension) one primary
expectation of the deflection u(a,y),u(x,0)=u(x,b)=0 the force F

acting at the point (X’, n) may be simulated a two dimension function

;(éx, X')=0o(y,n)

d'G +d—G:5(x, x*)o(y,n)
dx*  dy?

Therefore if we solve the equation

In accordance with the superposition principle, we obtain the two
dimension Green’s function and can possibly represent the solution of

the original POE by the integral u(x,t)= G(x Xx’;y,n)dx'dn

O+—2
oO—-T

However we use expansion in terms of the eigenfunction ui(x, y) of

the lap lace differential operator which must satisfy
V242(%,y) = AgA(xY)

And the same boundary conditions we are dealing with. The

_(m rmz )(m,n:1,2,3,...)

eigenvalues are of the form. 4 = - o
a

mn

And the corresponding eigenfunctions read

b

amn = _[f(x,y)gﬁmn(x,y)dxdy
0

O—9

Normalized to unity
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We now seek for G(x,X’;y,n) in the form

o0 o0
G(x,x;y,n) :% 21 21 Amn(x,1') sin % sin n_zy
m=L m=

Substituting the into the PDE for G, we obtain, by standard

_mzx . Nmw
sin sin —N

2
Jab  a

m'z? mz’

aerb2

techniques, —( jAmn =

From where obtain

If we now substitute for the value of amn, we obtain immediately

mzx' . nzy . nNnzn

© 00 sin sin
G(xxiyn) == 3, Y sin Tsin—8 b D
a a
m=1 m=1 +
a’ b?

o0 o0
u(x,t)= >, > ?mn sin WX i DY
m=1 m=1

Where Amn is the expansion co-efficient for f (X, y) , given as

f (X, y)pmn(x,y)dx dy

)
3
5
I
o —-2
o—T
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8.1.4 Fundamental of Numerical Analysis

Numerical analysis is concerned with the construction of effective
methods for the calculation of unknowns entering in the formulation
of a given problem. The use of this technique practically involves
assumptions and approximations and as such are does not expect
high precision than is warranted by the data and the problem.

In recent time the growth of numerical analysis has been enhanced
and accelerated by the demands of science and technology problems.
As a result of this need, this chapter present the fundamental
rudiments of numerical analysis essentially concerned with the
processing of numerical data. As for this book we limit ourselves with
the basic understanding or principles followed with the acquisition of
computing skill. Therefore, emphasis in the following sections is
placed on basic ideas and general methods rather than on special
techniques in solving this of that problem. Among topics in this
chapter are the determination of real roots of algebraic and
transcendental equations, the elements of interpolation theory, and its
bearing on curve fitting, the numerical equations.

8.1.5 Graphical Method

Geometric considerations usually are a wuseful guide in the
construction of analytic method of solution of practical problems. One
can use of Macluarin’s and Taylor’s theorem in estimation of a given
value of a function.

Algebraic equation is a polynomial equation of the type x" + a;x" ! +
-+ a, = 0.A transcendental equations are those equation that cannot
be reduced to an algebraic equation e.g tanx —x = 0,e* + 2cosx = 0.

Example: 1
Use grapy to obtained the real root of the equation
f(x) = x3—146.25x — 682.5 =0
We graph the function thus
y = x3 — 146.25x — 682.5
First we plot the cub
y = x3and the straight line

y = 146.25x + 682.5
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And read off from the graph of abscissa of their point of intersection

YV A y=Xx

Point of intersection

y = 146.25x + 682.5 6825

7T

8.1.6 Simple Iterative Methods

This method is a better one than the graphical technique. First we
have to isolate the real root and apply some iterative formula with an
imposition of some restrictions depending on the nature of the
function. The simplest of these methods of linear interpolation is
known as the method of false position.

Let the root x, of f(x) =0 be isolated between a and b. Then in the
interval (a,b), the graph of y = f(x) may have the appearance as
shown in the graph. If the points A and B are joined by a straight line,

it will cut x — axis at w which is a closer root to x, than aand b. Using
similar triangles,

bl—a b—b!
—f(a)  f(b)
Solving for b1,
= af(b) — bf(a)
f(b) = f(a)
This can also be written as
a
-0 107G
- 1O = @

In general to determine the succeeding approximations from the
recursion formula we write it in terms of x we have
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(xn_x )
Xn+1 = Xp — f(xn)f(xn)—fle)

n=234,"

“Xx

This method is known as method of secants.
8.1.7 Newton’s Interaction Method

The successive terms in the approximating sequence in the method of
false position involves determining the intersection of the secant line
with x — axis.

Newton purposed constructing an approximating sequence determine
by the intersection with the x — axis of the tangenth line to the curve of

y = f(x). y

X
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A—-C dy ,
Tan@—ﬁ——x—f(xi)-

Substituting,

f(x) __J’(xi) _ f’(xi)

X —x
f) =y = f ()[x; — x]
asy(x) tends to zero; x = x4
2 fO) = [x — xp44]

= X; — Xi11 f(Xi)/f'(xi),xi‘|r1 N %

The geometric considerations is that y = f(x) is a monotone increasing
or decreasing function in the interval (x,x;) so that f (x) does not
change sign and f(x;)f (x) >0, the sequence x;,; appears them to
converge to the root x,

Example 2:

Find the root of x> = 60 using Newton’s method.

Solution
f(x) =x°>—-60; f (x)=5x*
X f(x) f’(x) f(x)/ , Xi+1
f )

1.8 —4.1043 94,4784 —0.4351 2.22506
2.22506 —5.5608 122.557 —0.04456 2.26962
2.26962 0.2231 132.673 0.00682 2.26794
2.26794 6.967 x 0~ 132.281 5.267 X 10° 2.26793

Ans =
2.26793.
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Trial Question

Use Newton’s method to 3d.p the real roots of the following
equation
(a) xt—x—-1=0 (b) x°—x—-02=0

8.1.8 Interpolation

Interpolation is a process of estimating the value of a function for any
intermediate value of the variable with the help of certain given values
of the function corresponding to a number of variable values.

In other words, if a function y=f(x) is known for values of
X1,X2X3, ., Xp @S f(xy), f(xz),...f(x,), then the process of finding the
values f(x) for some other values of x lying between the values
X1, X2, X3, .., X,. When the estimate of f(x) for some such variable of the
function which lies outside the given values, is carried with the help of
certain given values of the function corresponding the a number of
variable values.

Process is known as extrapolation Langrange’s interpolation formulas
is one of the interpolation technique developed for use only when the
given set of x; is an arithmetic progression otherwise other type of
interpolation formula may be applied.

This method can be derived simply using the diagram below.

y

»Bhre————— (X3,y2)

|
il xzﬁ{/z)

NnhpF-———m———————————

) (xa: 0)

()

I
I
|
X X1 X2

Considering any point say p between x, and x; and y, and y;, we
obtain

Y~Yo_Y17Yo
X — Xy X1 — Xp
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Making y the subject of formula, we have y =y, +

y

:>y=a0+a1x.

which can be written as

which we can write as

i
y= Z i b
k=0

X — X1 b_x—xo
| =

3 by =
0 xO_xl' X1 — Xp

Generally of nt"* degree of polynomial;

pn(x) =ag+ax+ azxz + a3x3 + -+ apx™

1Yo _
10 (x — xo)

Ugwu

The points that pas through them can be obtained using the general

expression

n
_ 2 X — X;
pn(X) B zyk H(xk —xi)
k=0

Using equation..., we can

Generate the Langrange formula for the points;
(x0, Y0, (x1, y1), (x2, x2), (x3, x3)

(x —x1)(x — x3) (x — x0) (x — x3)

P =Y N G ) 7 G~ ) G )

(x — x0) (x — x3)
Y2 (g — x0)(x2 — x3)

Example 3
Find the cube root of 5.
Solution:

We assume x3 =5; f(x) =x3—-5letx; =15:; f (x;) = 3x2%
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X (x:) )| fGx) X, f
i f i f(l L f’(xl-) i+1 /xi+1
1.5 —-1.625 | 6.75 —0.2407 1.7407 0.2744
1.7407 0.2744 9.0901 0.0307 1.7105 0.0046
1.7105 0.00458 8.7774 0.00524 1.0998 | 0.0000356
Example 4:

Find the value of y when x = 3 and 6 respectively using the table

Solution
X124 7
yli21e6 7
In this case, x = 3,x x = 6;
B3-4)3B-7) 3-2)(3-7) 3-2)(3-4)
y=Lu=na = G-G&—7n""T=7 =47
y =15
Repeating with x = 6,
y=12
Example 5:
Using the data
v 10 15 22.5 33.75 50.625 75.937
p 0.300 0.675 1.519 3.717 7.689 17.300

Apply Langrange’s formula to find the value of p corresponding to
v = 21 correct to three d.p.

Solution,
We use 3 nearest values.
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_ 3o 11921 - 225) | (21 = 10)(21 — 22.5)
= H0-15)(10 - 225) ' (15 — 10)(22.5)

415 (21 — 10)(21 — 15) _ 1323
U (225-10)(22-5—-15)

8.1.9 Method of Least Squares

This is a method that plotted points by a straight line. 3= a; + a;kand
choose the parameters a; and a, so that the sum of the square of the
vertical derivations of the plotted points, from this line is as small as
possible

(xi, 1)

y=a +ax

If for example we choose to represent set of data (x;,y;), write i = 1,2, ...,
by some relationship y = f(x), containing r unknown parameters
ai, ay,as, ...,a; and form the deviation

v = f(x) = yi

The sum of the sequence of the deviations

n n

s=) vt =) [ -

i=1 i=1

is a function of ay,a,,...,a,. We can then determine the as that s is a
minimum. Now, if s(ay,a,,..,a,) is a minimum, then at the point in
equation.

ds ds ds

da; ' da, "da,

The set of r equations the above equations called normal equations,
serves to determine the r unknown a's in y = f(x).This particular
criterion at the “best fit” of data is known as the principle of least
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squares, and the method of determining the unknown parameters
with its and is called ht method least squares. This method was

introduced by Gauss.

With this introduction, we elucidate the application of this

method by using an example

Example 6:

Calculate the coefficients in y = a; + a,x to fit the following data;

x 1 2 3 4
y 1.7 1.8 2.3 3.2
Solution:

In this case, n = 4

4
in=1+2+3+4=10
i=1
4

x?=1+4+4+9+16 =30
i=1
4

Zyi =17+18423+32=9
i=1
4

Z % y; = 1.7 + 2(1.8) + 3(2.3) + 4(3.2) = 25
i=1

Using

e ($a)a-$n

i=1

(5o (S-S

i=1 i=1 i=1
We substitute accordingly and obtain
4a; + 10a, # 9.

10a1 + 30a2 = 25.
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We solve equation 1 and 2 to a,get a; and a,:

a = 1,a2 :EZ

The desired straight line is

— 142
y=1+5x

which indicates that the graph is fitted into y = a; + a,x.
Now, suppose we want to fit by
y =a; + azx + azx3,
Then,
v; = a; + ayx; + azx3 — y;and

avi Ovi avi 2
= = =X

=1 —=x,, — = .
6a1 ,aaz l'@ag 1

The normal equations

4

z v, 0
Vi aak_

i=1

are

4
Z(al +ayx; + a3xi2 —-y).1=0
i=1

and

4
2(01 +ayx; + azxf —y)xf =0
i=1

Collecting the coefficient of a;, the normal equations when put in the
correct form gives three equations.

4 4 4
4a, + (Z xl-)az + (fo)cg = Z Vi
1 i=1

(Soe)ore (5o (3= 3o

i=1 i= i=1 i=1
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(525 )oo (S (3= S

i=1 i=1 i=1

The equations become
4a; + 10a; + 30a; =9
10a, + 30a, + 100az = 25
30a; + 100a, + 354a3 = 80.8

a, = 2,a, =—0.5,a; =0.2

The desired straight-line is
y =2 — 05x + 0.2x2.

Trial Questions

Apply the method of least squares to fit the data

y 2.105 | 2.808 | 3.614 | 4.604 | 5.857 | 7.451 | 9.467 | 11.985

8.2.0 Numerical Integration

This concept requires a good knowledge of integration and
interpretation of the definite integral fba f(x)dx as the area under the
curve y = f(x) between the ordinates x=a and x = b.This
interpretation underlies the construction of formulae for numerical
integration as contained in this section. The two aspect of numerical
integration as considered this section are Simpson’s rule trapezoidal
rule.

8.2.1 Simpson’s Rule

We use first principle to derive simple expression for the
simple’s rule let y=ax?+bx+c pass through 3 point

(_ d‘ yl)‘ (O, yZ)r (d’ y3)
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(-d,y1) \(0: y2) (d,y3)

N1 V2 V3

Since the curve is parabolic in nature and the parabola passes
through 3 pts

y; =ad?—bd +c.. (1)
Y2 = c. (2
y; =ad®> ¥ bd +c.. (3)

The area under the parabola is given as

d ax3  bx? a
f (ax? + bx + c)dx = |— + —+cx
B 3 T2 y
ad? N bd? +cd —ad? 4 bd? g
3 "2 ¢ 3 2 ¢
= n2ad? + 2cd -+ (4)

From (1), (2) and (3); multiply equation multiply equation 2 by 4 we
have

4y, = 4c - (5)
Add equations 1,2 and 5, we obtain y; + y; + 4y, = 2ad? + 6c - (6)
2
From (4) % +2cd = %(Zad2 + 6¢d)

Substituting this in equation 6.
d
Area = = (y1 +y3 + 4y2)

If we take seven ordinates the expression for the area becomes

1 1 1
5(3’1 +4y, +y3) + §d(}’3 + 4y, + ys) +§d()’5 + 4ys +y7)
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1
= §d[y1 +y; + 203+ ys5) + 4y, + yi +Y6)]

Example 7:

Use Simpson’s rule to find an approximation for the area under the
curve

1
y=;blw x=1landx =2

Using 5 ordinates
x 1 1.25 1.5 1.75 2

y 1 [0.80005| 0.6667 | 0.5714 0.5

d=2"1_ 025
== —=o.

d
The aread = 3 [v1 +ys + 4y, + y4) + 2y3]

0.25
=—5~[1+05+4(1.3714) +2(0.667)]

= 0.6933
Example 8:

Find the x —coordinate of the centroid of the area bounded by
y = +/sinx, ”/2 and the x — axis using Simpson’s rule with five ordinate.

Solution

The centroid x —coordinate of the controid x is founded by

/2 /2
ff ydx =f xydx
0 0

We first find f:/z ydx = fon/z Vsinx dx

d
area= [y +y5 + 2y3 + 4(y2 + ya)]
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X 0 /s N 371/8 T/,
Jsinx 0 0.686 | 0.8409 | 0.9611 1
Jsinx 0 0.2406 | 0.6604 | 1.1523 | 1.5708

Z-0
d=2 = 0.392699
d/3 = 0.1309

Area = 0.1309[0 + 1 + 2(0.8409) + 4(1.5797)]
= 1.1781785

Now to determine

fzxydx = fzx\/sinxdx
0 0

., d
Area = 3 1 +ys + 2y3 + 4y, + ya)]

~ 0.1309

3 [0+ 1.5708 + 2(0.6604) + 4(1.1323 + 0.2430)]

Area = 1.0986175
XArea = Area

1.0986175

“X=11781785  °

8.2.2 Trapezoidal Rule
An estimate of the area under a curve could be obtained by drawing in
ordinates joining the tops of adjacent ones and calculating the areas

of the trapeziums formed. For instance using seven ordinates estimate
the area of a curve given as y = f(x)
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Yo| Y| Y2 Y31 Ya| Ys| Ye| ¥Y7| Vs
0 Xo X1 X2 X3 X4 X5 Xe¢ X7 Xg X

1 d
The area = Ed(yl + 2y, + y3 + E(yg + 2y, + 2y + 2y5 + 7

1
=§d[y1 +y7+ 2y, +y3 tya +ys + 6l

Use Trapezoidal rule to estimate the area under the curve y = i

From x = 1to 2 taking 6 ordinates.

Solution

d=(2 1—02
=( ==0.

2 0.2
f ydx=7[y1 + 6+ 20y, +y3 + Vs +ys5)]
1

x|1_0 1.2 | 1.4 1.6 1.8 |2.0
¥ 11.010.833310.71431 0.6250 10.5556! 0.5

21 0.2
Area = f ;dx == [1.0 + 0.5 + 2(0.8333 + 0.7143 + 0.6250 + 0.5556)]
1

= 0.69576

8.2.3 Numerical Harmonic Analysis

It is very important to observe that trapezoidal rule can be applied to
estimate Fourier coefficient by considering one cycle of a periodic
function of period in which we divide the trapezoidal sketch into n

equal width strips, the width of each strip is 27”

For instance

21
f f)dx =dlyo +y, +y2 + -+ yn_1]
0

The values of y,,y1,y,, ... are often available as given table of values at
regular intervals. If the function values are not given at regular
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intervals, the graph will be simply drawn of y against x and read off
from the plotting.

Example

Evaluate fozn f(x)dxfrom the following set of function values

x> | 0 [30|60[90| 12 | 15| 18 |21 |24 | 27 | 30 | 33 | 36
0 0 0 0 0 0 0 0 0

—_

feol 1. 2.
4160

=

The width of strip d = %

Substituting in

2T
J fQdx =dlyo+y1 +y, +y3+ya+ -+ yn_i]
0

n—1

—”Z = 11371 = 7173
_6 OyT_6 . - .
r=

The accuracy of the result here depends on the number of strips
taken.

If we consider Fourier series as

1 (o]
fx) = = o + Z[an cosnx + b, sinnx|
n=1
Where

1 2n
ag = ;f f(x)dx = 2 mean value of f(x)over a period
0

1 2n
a, = ;f f(x)cosnx dx = 2 X mean value of f(x) cosnx over a period
0

1 21
b, = - f(x)sinnx dx = 2 X mean value of f(x)sinnx over a period
0

Now what it means that if f(x) is given as a set of evenly spaced
function value, then one can evaluate each of these integrates by
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multiplying the mean value of f(x), f(x)cosnx, f(x)sinnx by 2 for
successive values of n, over a complete cycle.

Now, we divide one complete cycle of the function into twelve equal
width strips i.e. -2 -30° and tabulate the ordinates (function

12

6

VathS) Y0, Y1, Y2, ¥Y3: Y4 Y50 s Yn—1s =1 Yn -

The final boundary ordinate y, is omitted since this is regarded as the
ordinate of the next cycle.

Example

x| 0 | 30

Yr| Yo | N1
1. | 1.
4 | 6

60

Y2

o

90

V3

apg =

Va

1.9

15 | 18
0 0
Ys Ye
1.1 1 0.4

21 | 24
0 0
Y7 Vs
0.4 0.7

Yo

0.6

o Sum of the twelve ordinate
12

1
ag =g[3’o +y+ Y+t vl

ap = 2.283

Yo

0.5

Y11

1.0

Y12

1.4

To find a;, we compute cos x and multiply by f(x) i.e. we find f(x) cos x.

%0 0
Ccos x 1.
0

f(x)cos| 1.
4

30

0.8
66

12

0

v ©

150

0.8
66

0.9
53

18 | 210 | 24
0 0
- - 0.
1.1 08| 5
0O | 66

0.]103 ] 0.
4 | 46 | 35

v O

N O

330

0.8
66

0.8
66
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f(x)cos| 1. 0.8 | - | - - 1051]0.]102]| - - - 105 -
4 1. 2.1 0. 5 4 0. 0. 0.
O| 1|95 35| 6 | 25
Then
Mean value o x)cosx 1
a, = 2 X [ =—(1.903) = 0.3172
12 6
To find a,;

a, = 2 X Mean value of f(x)cosx over a period

Yf(x)cos2x 1
= ZT = 8(_1'40) =0
= 0.2333
The reader can try this on his/her own b; = 2x mean value of f(x) sinx
. Y. f(x)sin x
over a period —2 —
Questions
Using 5 ordinates find the value of fol dxz
1+x

(1). Using (a) Trapezoidal rule (b) Simpson’s rule compare the two
results (a) and (b)

(2). Evaluate fol e*’ dx By Simpsons rule

Taking 10 intervals (11 ordinate)

(3). Use Simpson’s rule with four strips to estimate
-2 1
Jy T 5dx upto3sfg.

(4). A periodic function y = f(x), of period 2m, is defined between
0 = x360° by the following table of values.

x| 0 30 60 90 | 120 | 150 | 180 | 210 | 240 | 300|330 | 360

y|30| 40 | 46 | 48 | 3.6 2.8 2.2 1.1 06 (16| 20| —

Determine the Fourier series up to and including the 3t harmonic
and find the percentage of 3rd Harmonic:
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A, harmonic

Hint percentage of n"harmonic is —
Aqharmonic

Ay = (a} + bP)/?
whiled, = (a? + b?)/?
8.2.4 Macluarin and Taylor

Theorem: These theorem expand f(x + h) in terms of f(x), powers of h
and successive derivative

h? h3 h*
fG+h) = G+ hf1G) + 57 f1(0) + 5 f11 G + g7 17 () +

hn
Sy B C)

f'(x) Denotes the first derivative while f*(x) denotes the n‘"* derivative
etc.

If however, we let h = x and set x = 0, we obtain Macluain’s series.

That is f(x) = £(0) + = f/(0) + = ey !f’”(O) += 1V (0)

X"
+ - +mf"(0).
Example 9
Evaluate fol x1/2 cos x dx
Solution
To solve the easily, we apply Macluarin’s series expansion.
X 100% f(x) =cosx, f(0)=1

f(x) =cosx, f(0)=1

4 5
.cosx = f(0) + x £y +Z f(o) flol)l + 4,f1V + 5|f(0) + o 6! f(o)

2 4 6 8

_ X X X X
=l ot e te
x?2  x* x6 x8
=1 —
2 7247272 " 10320
1 2 4 6 8
X X X X
V2 - 4~ ..|d
fo =222 Tz |
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1
2 x e xte o kP 2 1 1 1
VL _ -
3 7 T 152 272 437132 2040
0
~ 0,5309
TrialQuestion

If it is known that the Macluarin’s expansion of

o x3 x> X7
smx—x—a-pa_ﬁi ......

And that V1 +sinx = sin%x + cos%x, show that Macluarin’s expansion
) 1/ .
of [1+ sinx] /2 is

2 3 4 5

X X X X

1 - — —
tX Ty T 431784 1es

Example 10
If f(x) = e*sinx; show that
foo = 2%”6" sin (x + %)and use this with Macluarin’s theorem to find an
expansion for f(x) in ascending power of x as far as the x® term
f'(x) =e*sinx
f(x)=e*sinx+e*osx
asin e

Let 1 =acose and 1 = asineg, then =1
a cos &

tane=1;, e=tan" "1 =-.
4
a®cos?e + a?sin’e = 12
a’(cos’e + a’sin’e) = 2

a=+2
~ '@ =g e*sinxcos e+ ae® sin(x + €)
f1(x) = V2e* sin (x + E)
4
Similarly f*(x) = V2" e* sin (x + %)
2 21
I (x) = V2 e* sin (x + 7)
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fl(x) = (\/E)Sex sin (x + Bn)

fV(x) = (\/5)467‘ sin (x + 4n>

f11(0) =2

i _ 2 i:_
f (O)_ﬁ\/i 2

() =0
S
i

fY1(0) =8x(-1) = -8

£V (0) = V2. = —4

x3 5 x®
o :0-|— 2+—____
f() X' T3730 90

Example 11

If y = e** cos 3x, prove that

Ugwu

y = 5e* cos(3x+«),wheretan « = 2/ 4 use Macluarin’s theorem to find

the expansion of y in ascending power’s of x as far as term in x

Solution
y = e** cos3x - (D
y' = 4e** cos3x — 3e** sin 3x ---

Now let 4 = acos xand 3 = a sin «

tan « = 3/4

a=JEZ 1R =VE=5
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Substituting in equation 2, we have
y' = a e*¥os 3x cos o« — a3e** sin 3x sin «
= 3e*(cos 3x Xxx) = 5e** cos(3x + 379)
Where a =5; « = 37°
y(0) =1
y'(0) = 5 x 0.79968

y' @ =_-418

2 3
L fG) = FO) +xf (O + 2 f O + 3£ ©

144 +7x2 44x3
ST T

8.2.5 Euler’s Method
This method is one of the simplest numerical methods for solving first

—order differential equations. It involves truncation of Taylor’s series
after the second term.

That is for Taylor’s series of the form;

, h% h3
fla+h)=f(a)+hf (a)+§f (a)+§f @ 4 ...

We use f(a+ h) = f(({) + hf (a) for the solution for the solution.
y

Now we can consider h as an interval between two fr&e)ar ordinates, we
. . ) y=fx

can use graph to intgrprete this expressioh. —

A

/ Y1
Yo
f(a) =y
0 a a+h ;
<— h —

We can rewrite the above approximated expression as y; =y, + h(y")0
such that if now know vy, h and(y)0, we can compute y;, an
approximate value for the function value at B.

Generally, one can write
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Yr+1 = Wr + hf(xr,yr)-

=y —2x)
Example 12

Given that f(x,y) =y —2x when y(0) =3 where x; =0, xy =0.2,x; =
0.4,x; = 0.6

Yr41 =¥ + 0.2 (¥, — 2x,)
forr =0
y1 =20+ 0.2 (yo — 2xp)
=34+0.2(3-0) =36
forr=1
y2 =y1+0.2(y; — 29x; = 0.2
=3.6+0.2(3.6 —2x0.2)
y, = 4.24
forr =2
y3 # ¥z + 0.2 (y2 — 2x3)
=424+ 0.2(4.24 — 2 x 0.4) = 4.928
Example 13
Find y(2.5) for IVPy = 3y using Euler method with h = 0.1
Solution
Xo=yx1 =21,x, =22,x3 =2.3,x4 = 2.4,x5 = 2.5
Yoy =¥ (x1), ¥ =10
flk,y) =3y
Yr+1 = Yr + A (0, 97)

Vr+1 = Wr +0.1 (Byr

forr=0
y1 =13y,=13(10) =13

forr=1
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y, =1.3y; =13(1.3) =16.9

forr =2
y3 = 1.3y, =1.3(16.9) = 21.97
ys = 1.3y3 =1.3(21.97) = 28.561
ys = 1.3y, = 1.3(28.97) = 37.1293
=~ y(1.5) = y(x5) = 37.1293.
Example 14
Obtain a numerical solution of the equation

y =1+ x —y with the initial condition from x = 1 to 2 at constant
intervals of x = 0.2

Solution.
We first write
yx1 =Y +0.2(r + x, — y,)
for r = 0,we have
yi=Yyo+020+x5—y0)
Now as given xy = laty, = 2
2y =2+02[(1+ 1)
y1=2
forr=1
y2=y1+0.2[(1+x) —y]
y2=2+02[1+12-2]=2+0.04
vy, = 2.04.
forr =2
y3 =¥z +0.2[1 4+ x; — ;]
y3 =2.04+02(1+ 1.4 —2.04)
y3 = 2.04 4+ 0.2(2.36) = 2.112

Whenr =3
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Va=vy3+02[1+ x3 —y3]y, = 2.112 + 0.2[1 + 1.6 — 2.112]

y, = 2.2096
forr =4
¥s =Ya+ 0.2[1+ x4 — y4]
2.2096 + 0.2[1 + 1.8 — 2.2096]
= 2.32768
whenr =5
Y6 =y5 + 0.2 [(1+ x5) — ys]
= 2.32768 + 0.2[1 + 2.2 — .32768]
= 2.3411264
These values can be plotted.
8.2.6 Runge Kutta Method

This method for solving differential equations especially first order
differential equation is widely used with a reasonable high degree of
accuracy. It involves a step by-step process where a table of function
values for a range of values of x is accumulated. This requires several
intermediate calculations in general, if we wish to solve.

y = f(x,y)with initial condition y = y, at x = x, for a range of values of
x = xo(h)xy,

Starting as usual with x = xo;y = yo; ¥ = (¥ ), and h, we have
X1 = Xp +h
To calculate y,requires 4 intermediate stages

ki = hf (x0,y0) = h(y")o

1 1
kz = hf (xO +§h,y0 +§k1>

1 1
ks = hf(xo +5hyy +§k2>

1 1
ky = hf(xo +5hyy +§k3>

The increase in y — values fromx =tox = x; is
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1
Ay() = g[kl = Zkz + 2k3 + k4]

Y1 =Yo + Ay

Example 15

Yy =x=y
Using y =1 when x = 01i.e y(0) = 1.
Determine the function values of y for x = 0(0.1)0.5
Solution.
X =0,v%=10("0=1,h=0.1
()0 =(1+0)
x1=x9g+h=0+0.1=0.1

k1=h(y’)0=k1=01><1=01
k —h( +1h) +1k)
2 = hf (%o ) Yo 5
Nowx0+§h=0x01/2(0.1)=0.05
1 1
Yo +=ki =14+=(0.1) = 0.05
2 2
k, = 0.1[0.05 + 1.05] = 0.11
1 1
k3 :hf[xo +§h,y0 +§k2]
Here x, + %h and y, remain the same
+1h—005 +1k —1+1(011)
Xo o b=, Yo T 5k = 5 W

= 0.055+ 1 = 1.055
ks = 0.1[0.05 + 1.055] = 0.1105
For k,

ks = hf(xg + h,yo + k3)

1
Yo+ ks =1+1/2 +(0.1105)

Ugwu
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= 1.1105

~ k40.1[0.1 + 1.1105] = 0.12105

Since kq,k,, k3, ks have been obtained, Ay, can also obtained thus,
1
Ayo :g[k1+k2+k3+k4]

1
=z [0.1+0.11 4+ 0.1105 + 0.12105]

Ay, = 0.110342
Now y; =y, + Ayp = 1+ 0.110342 = 1.110342

Finally, from the equation,

1 =x1+n0
Where x; = 0.1,y = 1.110342

)1 =x+y,=0.1+1.110342 = 1.210342

Now we repeat the same process this second sage considering as our
xo = 0.1, and y;as g

SO =x+0n
(y')O =0.1+1.110342 = 1.210342,h = 0.1

ki = h(y")0 = 0.1 + 1.20342 = 0.121034
1 1
kz = hf (xO +§h,y0 +§k1>

1
X =0.0,h = 0.1: X +5h =01+005=015

1 1
yo = 1.110342, Vo + Ekl = 1.110342 +§O.121034
k, = 0.1[0.15 + 1.170859] = 0.132 = 0.12986
k:=h ( + L h + 1 k )
3 =hf |xo > » Yo 5 2
1 1 1
Vo + Ekz =1.11.342 +§(0.132086) =y, + Ekz = 1.176385

ks = 0.1[0.15 + 1.176385] = 0.132639
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ky, = hf (xo + h, vo + k4) = 0.1(0.2 + 1.242981)

ky, = 0.144298

Again we can obtain Ay, = %(kl + ky + 2k3 + 2k,)

1
= 6(0'121034 + 2(0.132986) + 2(0.32639) + 0.144298

Ay, = 0.132464.
y1 = vo + Ay = 1.110342 + 0.132464
= 1.242806
(YD1 = x; +y; = 0.2 + 1.242806
= 1.442806.

Third stage can be considered and go on. That is the iterative process
can go on as many as wanted.

Table of results can be formed accordingly.

!

y y
0 1.0 1.0
0.1 1.110342 1.210342
0.2 1.24208 1.442806

Second order differential equations second order differential equations
can be solved numerically by using Euler’s method and Rung-Kuta
method.

Euler’s method involved direct application of the truncated form of
Taylor’s series which is easy but not accurate to a reasonable degree.

In this case,

1 ! hz 144
Y1 =Yo +§+h(}’)o+§(}’ o

@)1= "o +h(Qo.

If x9,=y'y and h(y"), are computed, the approximate value of y; at
X1 = Xy + h can be obtained.
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Example 16

Solvey” —xy + y for x = 0(0.2)1.0 given that x =0,y = 1and y = 0.
Solution
X9 =0,y =1,()o,h =0.2
From the differential equation;
o=0+0GN+1=1

Using

! hz 12
y1 %Yo +h(®")o +?(y Jo

(0.2)?
2!

y1 =1+ (0.2)(y")o + (1

=1+0.2x%x0+0.02 =1.02.
D1 =Do+ R =0+0.2(1) =0.2.
Nowy =xy +y=andx =0.2
') =101 +y; =0.2(0.2) + 1.02.
(y'"); = 0.0441.02.
Now we have x; = 0.2, +y; = 0.2y = 1.02,(y"); = 02.
(y'), = 1.06.

In this method, for us to proceed to second stage, one use these
result as a starter.

Xg = 02, Yo = 102, y,O = 02, (y”)o = 1.06
X1 = 0.4

Thus,

hZ
yi =Yo+h®Do + ?(}’”)o

(0.2)?
y; = 1.02 +0.2(0.2) + 5 (1.06) = 1.0812
y; = 1.0812

Again, ()1 =0"No+h(®'")y=0.24+0.2x1.06 = 0.412.
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for ()")1 =x )1+
= 0.4(0.412) + 1.0812
(y'"); = 1.2460
3rd stage: In this stage, we take.
xo = 0.4, y, = 1.0812, (y',) = 0.412
(y'")o = 1.2460

And repeat the same process again

! hz 144
y1 =Yo +h()o +§()’ Jo

(0.2)?

2!

=1.0812 + 0.2 X 0.412 + 1.2460

= 1.18852

1 = e + h(y") = 0.412 + 0.2(1.246).

(y)1 = 0.412 + 0.024920
= 0.66120
Using (y')1 = x1(y)1 + 31
(y'); = 0.6(0.66120) + 1.18852
= 0.396720 + 1.18852
= 1.58524

For 4t stage,

! hz 12
Y1 =Yo +h()o +7(}’ Jo

First we obtain (y'); = (") + h(¥y')o
() = 0.661200
(7)o = 0.66120 + 0.2(1.58524)
= 0.66120 + 0.317048

= 0.978248

Ugwu
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2

! h 12
y1=Yo+h®" +§(y Jo

y; = 1.18852 + 0.2(0.978248) + 0.02(1.58524)
= 1.4158744
D1 =101+
= 0.8(0.978248) + (1.4158744)
= 2.21413424

The reader can go ahead for the 5th stage of the computation. In this
method, the error increases rapidly as the computation progresses
from the initial values. The reason for this is as a result of the
truncation of the Taylor’s series on which the method is based on.
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CHAPTER 9

SPECIAL AND DIRAC DELTA FUNCTIONS
9.1.0 Integral Functions

One of the preliminary mathematical courses in sciences and
engineering that is necessary as a prerequisite for further
mathematical courses in sciences and engineering is integration.
Various techniques for the analytic evaluation of definite integrals are
presented here. Here in this text, we did not discuss integration as a
matter of fact.

This topic is of importance problems in science and engineering
cannot be found in terms of elementary functions such as cosine, sine
etc. But rather may be found in terms of an infinite convergent series
terms which may again constitute a new function often called
Tabulated function. Thus in this chapter, we discuss some of these
tabulated function, beta and elliptic function. Interesting expect of
this concept is that it involves fundamental recurrence relation which
has be earlier presented to us in series solution of differential equation

9.1.1 Gamma function

Gamma function is defined for Re N>o by the integral
I'(n) =f e x" ldx 9.1
0

Where x is a parameter and N is any number

From equation 1, we write
I'(n+ 1)J e x"dx 9.2
0

Here we apply integration by part to obtain

Tn+1) =[—x"e*]7 + nf e ™ x" ldx
0

=0+ nf e x"ldx
0

rn+1) = nf e ™ x"ldx
0

From our definition as in equation 1,

rn+1) = f e ™ x"ldx
0
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Thus

I'(n+ 1)I'(n) 9.3

Equation (3) forms the fundamental basis of the recurrence relation
for gamma function. With this, we can generate other form of results
such as

ITm+1)=nn—1)(n—2)(n— 3 etc 9.4

Now forn =1

r(1) =f e ™ x7ldx
0

=f e *x%dx =[—e*|P =1
0

Therefore we have thatI'(1) =1andI'(n+ 1) = n!
Provided that n is positive integer.
We can simply use the recursion relation such as;

I'(n+ 1) = n'n to solve for

re), reG),  ro
ForT'(3)=T(2+1)=2IT1)=2!=2
ForI'(5)=T(4+1) =4IT(1) =4! =24
[(7)=T6+1)=6!T(1)6! =720

The recurrence relation can also be written in reverse form

I'(n+ 1) =nl'(n)

For instance

re+1 TI7 720
F(6)= 6 =?=T=120

However, we note that n is not defined for any negative integer

1 .
Therefore when n = — we use the reversed recurrence relation to

solve the problem.

Example
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1
1y ri-1 1 F(5+1)
e
2 2
— _2x2r2
B 2

The expression I‘g is provided in a table and should be obtained from
there. F% = 0.8862as in the table

Thus

F(——)=—41x08862

Example 2
Evaluate —1.3!or I'(—1.3)
r(-13)=Tr-0.3

Now use the reversed recurrence relation

—03 -03

We repeat again I'0.7 the same process

_ p(140.7) _ 1.7

[0.7 =r——2=rg
P13 r.7 — Tri7
T -03x%x0.7 0.7

['1.7is to be obtained from a table and it is 0.9086

0.9086 _

(—13) = 27 = —4.326

Evaluation of integrals related to I'(n).

By definition

We not that
.feﬂﬁcM=F3=ﬂ=2
0

To solve for
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a x
f e~ 2 X1'4
0

We first of all use a simple substitution to make it relate to
substitution to make it relate to equation (4)

Here let x/2 =u

X = 2u

dx
— =2; dx =2du
du

Now we substitute the back into the original equation to obtain

sz e “(2u)'*.2du
0

— foo22.4 U1.4 du
0

=1 =2%T1.4+1) = 22T (2.4).
Examples 3

Evaluate

Solution

Let u=x% x=uz
du = 2x dx

To obtain the range, we find the limit

limu=20
x—0
From the change of variable,
X — o0 u = oo
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Ifletn = %, then

1 0
I= —f utle ¥ du;
2 )y
B 1 r 3
T2 4
The value of F% can be obtained from a table
We use the original definition of
0
I'(n) =f x"le ¥ dx
0
To obtain
® 1
= j X ze *dx
0

Let x = u%; dx =2udu

Then
Where

J e’ du
0
Cannot be normally obtained

12=2f e‘“d-Zf e Vdv
0 0

= 4f e~ +v%) qu dv
0

Now we change to polar coordinates
u=rcosé, v=rsind

Where u? + v =12

du ré606r

Ugwu

9.6

9.7

For the integration to cover the same region, we consider 2 limits for

r;vr =0 to r = oo and limits for 8 are 8 =0 to Hzg
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réo

Now having known already that

r(l)—zjm —u g
> = Oe u

And
j e du = ﬁ
0 2

- f-m

From the recurrence relation we can obtain I' G) ,T (5

in the case of T (g)
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9.1.3 Beta Function

Beta function denoted by B(m,n) is defined as
1
f x™ 1 (1 —x)" ldx 9.8
0

And converges for m > 0and n > 0. It can also be written as

1
B(n,m) = f x" 11 —-x)"1dx 9.9
0

If we take x = sin?0, then dx = 2sin6cosfd6 and when substituted
into equation 9, it become

A

/2
B(m,n) = ZJ sin®™ 10 cos?>®~10do 9.10
0

The internal range emanates from considering x = 0 when 6 =
0 and x = 1which make § ="/, recalling our knowledge of reduction

formulae

7r/2 n—1 7T/Z
f sin® @ d@ = j sin"~16do 9.11
0 n Jy

n—1

T/y
f cos™ 20 do 9.12
n Jy

/2
f cos" 6df =
0

m—1
m+1

/2 /2
J sin™ @ cos™ 0 df = f sin™~2 @ cos" 6dO 9.13
0 0
If I, ,is used to denote the integral on the left hand side, the our
result becomes
m-—1

Ingn = ——— Iz 9.14

If we apply equation (14) to the integral, we have
"/
J sin?™~19 cos?"~1 6 d6
0

Cm—-1)-1 [/

— : 2m—39 2n-1 0do
CGm-D+@n ), T
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m-—1 /2
= —f sin®™ 39 cos?"~1 9 do 9.15
m+n—1)J,

if we apply the same principle with the right hand integral we obtain

[ /2sintm-1g cosn19de  9.16

T

m-—1 2n—1)—1 2
( ) sin®™ =39 cos?" 3 0 do

TmHn-12m-3)+@n-1) J

(m—-1)(n-1)
:>B(m,n)=(m+n_1)(m+n_2-B(m—1,n—1) 9.17

equation 17is a reduction formula for B(m,n). The process can be
repeated again and again as required

Example
Evaluate B(5,4).

4)(3)

(8),(7)
_OO

B(4,3) = Ol6) B(3,2)

(2)(1)

1(3)

B(2,1)

B(4,3)

BHERB@@)@)

15. = BG4 =5 56006

B(2,1)can be evaluated using the integral

T T
2

T . 4
B(2,1) =2 fz sin36 cosd d6 = 2 lsm 9] _!
0 4 0
| _OREREEM1
“BOY = B D e ®@G)2
416
=T

Example

Evaluate B G, %)

Solution:

Using
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7
B(m,n) = f sin®™~1 0 cos?"~16 do
0

) 1 1
Since m =§0 andn =3

If m and n are positive integers

(m-n)!(n-1)!
(m+n-1)!

(Bm,n) =

And already we have known that
n!T(n+ 1) forn>o
Then
(m—-1)!=T(m)and (n—1)! =T(n)
And also
(m+n—1)!'=T(m+n)

(m-—1D!(n-1)! B I'(m)I'(n)

= 1
(m+n-1)! I'(m + n) 918

= B(m,n) =

This holds even when m and n are not necessary integer. This is
relation between the gamma and beat function.

9.1.3 Elliptic Functions

Elliptic function provides a means of evaluating range of definite
integrals that can be converted by substitution into certain standard
form. For instance

j‘l dx
0 /(1 —2x2)(4—3x2)

9.19

Is an elliptic function

Elliptic function is of two kinds
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do
FlK(x)f 9.20
V1 + K?2sin20

WhereOSBS%and0<K

F,K (g) =921

Example

Evaluate

[ f% de
o V1-—4sin?0
whereK? =4, K= 2

and this does not agree with the standard requirement that 0 < K <
1 and the needed modification in order to meet up.

Let 4 sin’0 =sin2 ¢
= 2sin@ = sing;

1
sinf = Esin [0)

1
in’@ = —sin?
sin 4smd)

we different both sides

2cos0dl =cospdep

_ cosBd¢
"~ 2cos6

from2sinf = sing;when 8 = 0,¢p = 0 and when 8 = 7T/6 ¢ = ”/2

substituting all the values into the original equation;

cospdg
] m J 1-— smz(,b. 2cos6

since

1 1
sin?0 = Zsin2 ¢,1— cos?0 = Zsinzq,’)

1
. cosf = /1 - Zsinzq,’)
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. fﬂ/ 1/ cosqbdqb
2 cos¢

1" dp
/ f ’1—isin2¢

which is now in a standard form

Thus

=37 (z2) =24

From the standard elliptical function table, K G) = 1.6858

Example:
Evaluate:
V34| g — x2
I = j;) 1_—4x2dx
Solution

The first procedure to the solution is to convert the expression into the
1-K2U?
1-U?

standardize form

Taking the denominator we put 4x? = U? - 2x = u; 2dx = du = dx = dTu

Limits: when x = 0, u = 0and whenx = \i—g, u= \/2_§

From the numerator

Substituting back into the original integral at becomes

V3
2__ -
4 16
—u2 _uzdu
1__
—u2
. 2 _ 1, _1_V2 _ V3
ie. k —8.k—2ﬁ—4andx— .
[ B<x/_\/_>
V2 4" 2
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V2 . V3 .
:>sin9=T-°-9=2042 and sinf = 7 6 = 60

From tables,

B(?% — 1.029

1 (V2 43\ 1
=] =—B (—,—) = —(1.029) = 0.0728
Z\472)7 1z
Questions
Evaluate the following
3
1. I = ff "3‘1
1
I = fol x* (1 —x?)zdx

_ (V2 __du
I'= fooo 5—6u—u?2
I = [ x*e**dx
Express the following in elliptic function

1
i [/2VT+4sin20do

ok LN

.. 1 [4—k?

i [y e dx

1 dx

iii. [ ——
0.5 vV3—4x24+x4

9.1.4 Special function from linear O.D.E

Special functions are solutions obtained from certain frequently
occurring linear second order differential equations such as Legendre
functions are the solutions obtained from Legendre differential
equation
d’y _ dy
1-x%)—5—-2x—+ +1)y=0 9.22
Bessel functions are the functions obtained from Bessel’s differential
equation given as
d’y = _dy
2 2Vy —
xw+ xa+(x—v)y—0 9.23
These functions have many representations: as specified solutions of
given differential equation, series, various integral representations, by
recurrence relations, and by generating functions. Starting from one of
these representations one can obtain the others. Thus in this section
the path followed to get from one to the other is not unique but rather
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illustrative hyper geometric functions which include many other
functions as special case ar3e mentioned. Mathieu functions are just
mentioned here in this text without treatment of further discussion.

9.1.5 Legendre function

Starting with the Legendre’s equation, the solution given polynomial
n-2r

r(zn 2r)t x* 77 9.24

Where k, is arbitrary and is fixed to be zin with this and some factorial
manipulation equation becomes

Pox) =(£) = (@2 - D" 9.25

Equation (4) is known as Rodriguez’ formula for the
Legendre polynomials

The first few for n = 0,1, 2,3,4and 5. are

1
Po(x) =1, P;(x) = E(ng —3x)

1
P, (x) = x P,(x) = §(35x4 —30x2 + 3)

1.2 1 4 3
P,(x) = E(Sx —1DPs(x) = 5(35x — 70x° + 15x)

A contour integral representation of Rodriguez’ formula makes use of
Cauchy’s formula.

P £(t)dt

2mi ) t—1z

9.23

Provided f{t) is regular within the contour, which encloses z once in a
positive sense. Differentiating n times with respect to z gives

f(t)dt
( f() Zﬂlf(l z)nt1 9.24

Therefore, from equation (4) we obtain

B (tZ _ 1)n
P,(z) = on 3m¢ = dt 9.25

Legendre functions is an orthonormal basis for the space (c-1, 1) Of all

piecewise continuous and smooth real valued functions on the interval

(-1, 1).
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Let C(-1, 1) be the space of all piecewise continuous and smooth

complex valued functions on the interval (-1, 1) and let A be the linear

operator defined on C(-1, 1) by
Ay = (1 -x)y" (0) - 2xy(x)
Or Ay = | -x) ] y&)
Vy €C(—1,1)andx € (—1,1)
Then the eigenproblem of A given by
(1—x)yn(x) —2xy1(x) = —2y(x),-1<x<1

is called Legendre’s differential equation by Frobenuis method it
follows that the Legendre’s eigenproblem possesses eigenvalues A

given by
A=1+1)

and corresponding eigenfunctions given by y(x) = p,(x) which is
known as the Legendre Polynomials and is expressed in a closed form

as

1 d
RO = 20! dxt

(x? = 1)

This is called the Rodriguez’ formula. The polynomial here can be

normalized in a traditional way for t = 0,1, 2, 3,4,5 etc.
They have simple symmetry properties such that
F(=x) = (=1D'R(x)
The few first ones are
Py(x) = 1,

Pi(x) =x

1
Py (x) = §(3x2 -1
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P;(x) = (5x3 — 3x3)

1
P(x) = 5(35x4 —30x + x)

Example by Rodriguez’ formula obtain

Ps(x)
Solution
RO = s (6~ 1)
When 1 =5
Ps(x) = %% (x* = 1)°
= %%(xw —5x8 +10x° — 10x* + 5x2 — 1)

1
= §(63x5 — 70x3 + 15x)

Associated Legendre differential Equation and Function.

The generalization of Legendre differential equation given by

2

1—x2

[t =22y (O] + It(t +1) - lY(X) =0,

-1<x<1

Where 1=0,1,2... is called the associated Legendre differential
equation by Frobenius method, it follows that the associated Legendre

differential equation possesses, for each value of (, the eigen values
m=—-—t+1,... 0,(....,1L
and corresponding everywhere to regular eigenfunctions.

y(x) = B (x)
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Where

B (x) = (1—x2)"/2 4 pn (x)
L dxm L

whereP, is the legendre function of order :. The functions P™(x) are

called the associated Legendre function of order im.

Example:
Obtain the associated Legendre function for P;(x) = %(Sx3 —3x)

Solution
To obtainm, m= —t+1
=ast=3, m=2

Therefore using the appropriate equation, we have
P;(x) = (1 —x?%) d—2 [1 (5x3 — 3x)]
dx? 2
= 15(x — x?)
For Pi(x), it means that t=2,thenm=-2+1=1

= PI(x) = (1 - xzf/Z%B (5" =39)

= %(x —x2)"2 (15x% — 3)
9.1.6 Hermite functions
The eigenproblem defined by
yH () = 2xyta(x) = 2xy(x)

Is called Hermite differential equation. The equation is

d
Ay(x) = e*" —

dx [e - c;i_x] y()
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For linear operator A defined on (C(—«,) where C is a defined smooth

complex value function on the interval(—oo, ).

The solution of Hermite differential equation gives eigenvalues given
by

x=2n+1,n=20,1,2 ..
and corresponding eigenfunction given
y(x) = Hy (x)
which is called the Hermite polygnomials of order n.

This is given by

"/
2 (_)kn! 2n—2k

_ ) e a2k
()= ) =z *
k=0
It can also be written as
n dt
H,(0) = (~De ——e™

dx™
n=20.12,.
Example

Obtain the Hermite Polynomial for n = 4

4

d
ieH4(x) = (—1)4€x2 We"‘

2

= 16x* — 48x? + 12
9.1.7 Laguerre Function

This is the eigenfunctions obtained from the associated Laguerre

differential equation. Laguerre differential equation is obtained from
XYU +(t—x)y+ny=0

where n=0,1,2 ...
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The solutions, the Laguerre Polynomials L,(x) are given by a

Radrigues formula

n

d
L,(x)e* e (x"e™);m=0,1,2,...

Example:

For order n = 3, obtain L, (x)
3

d
Ly(x) = exw(x%_x) =—x3+9x2—-18x+6

By Frohonius method, it follows that the associated Laguerre
eigenproblem for each value of n possesses eigenvalues xequal any

real number, with corresponding eigenfunctions.

y(x) = Ly (x)

where
e*e™ d"
— —x 2t
L) = —— = (e e
and
x=n-+1

which are called the associated Laguerre function of order n .
Example:

By definition

e*x3 d? 1
3 _ ~X45) = — 43 —5x7 4+ 10x°
5(x) o %2 (e™*x>) Zx 5x” + 10x
1
1/2 eXx~ /2 d? s 1 ) 5 15
andL, “(x) = T E(e x2) = ke —§x+§

Modified Bessel Function
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The Bessel function J,(Kr) and the Neumann Nn(Kr) function oscillate

at large distance, provided that K is real. When K is purely imaginary,
it is convenient to combine them so as to have functions that grow or

decay exponentially. These are the modified Bessel functions.

We define

L,(x) =" Jr(x)

K. (x) = [ (x) — I, (x)]

25 mvm

At short distance

roq
() = (;) r+1)

-V

K, = 5v5 (3)

When v becomes an integer, we take a limits and in particular
1,
[L(x)=14+-=x"+",
4
X
K,(x) = — (1n§+ V) + e

The large X asymptotic behaviour is

e, X > ©

I,(x) =
(%) —

7T p—
K,(x) =—e™*, X — ©

V2x

The factor of t™" in the definition of I,(x) is to make I, real.

From the expression for J,(x) as an integral is

1 21

1 n
L,(x) = P e gxcost 4g = —J cos(nf)e*°s? dg
T Jo mJ,
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for integer n. When n is not an integer, the expression for I.(x) as an

integral becomes

sinrm

T o0
L(x) = f cos(r@)e* s fqg — f —xcosht — vtdt
0 0

9.1.8Spherical Bessel Function

Consider the wave equation

, 10°
Y, _EW (p(T,H,d),t):O

In spherical polar coordinates.
To apply separation of variables, we get

@ = e Y, (6, $)x(r).
and find that

d’x 2dx 11+ 1) +W2 — o
dr?  rdr 2 T

Substitutex = 1~/ 2R(r)and we obtain

1
d? +1dR+ w? [t R =0
drzx rdr c? r2 -

This is Bessel’s equation with r —» (l + %)2
whose general solution is

R = A]H_%(Kr) + B]_L_%(Kr)
whereK = g

By inspection of the series definition of the J, reveals that
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/2 : 3 /2
]%(x)= —sinx, ]_%(x)— — CosX

are Bessel functions where are actually elementary function. This is

true of all Bessel functions of half integer order,

We define the spherical Bessel functions by

50 = (3,

n,(x) = (—1)1“\/%]_([%)(90 — Schiff 19 ...

The first few are

. 1
Jo(x) =< sin x

j1(x) = —=sinx ——cosx
]1( ) XZ x

,()_(3 1)_ 3
Ja2(x) = 3 xsmx xzcosx

1
ny(x) = —;cosx
1 1
ny(x) = —x—zcosx —;smx

3 1
n,(x) = — (F — ;) cosx — 3/x2 sin x
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9.1.9 Bessel functions

Ugwu

As already mentioned before these are obtained from Bessel equation.

We defined the Bessel function

> (_1)7” x\t+2r
Jn(¥) = z r! (n+r+)! (E)

r=0

From the recursion relation of the power series solution,

[} (_1)r
Jn=1() s (x) = le r'T(m+r+ 1)]"_1(x) ~Jn1
r=0
2n
S Jno1 () + 1 (x) = ;]n (x) 9.28

Similarly,

]n—l(x) _]n+1(x) = Zjn(x) 9.29
Adding and subtracting equations
(11) And 12 give
n
]n—l(x) = ;]n(x) +]1n(x)

n
_]n (x)]n (X)
X

9.26

9.27

(9.30)

9.31

Bessel functions of half-integral order may be simply expressed in

terms of trigonometric functions and are

1

]%(x) = (i)z sinx

X
1

J i(x) = (%)2 CcOSX

1
2

From the recursion relations equations (13) and (14)

1

]%(x) = (if (% sin x — cos x)

X

9.32

9.35
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1

2\2/ 1 )
J 3 (—) (——cosx — sin x) 9.36
2 \TTX X

There is an integral relation in Bessel function such as

d
1o 9.37
1o = | G 0.38

9.2.0 DIRAC DELTA FUNCTIONS

The Dirac delta functions are generalized functions which are point
functions thus are not differentiable. A generalized function, which
used often in some problems, is the Step function or the Heaviside,
function defined as:

Hx—a)=0 x<a
=1 x>a

which is not differentiable at x=a. One should note that:
Hx—a)+H(a—x) =1
9.2.1Definitions and Integrals

The one-demensional Dirac delta function §(x —a) is one that is
defined only through its integral. It is a point characterized by the
following properties:

Definition:
6(x—c)=0 X#+cC
= 00 X =cC
Integral:

Its integral is defined as:
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f(S(x—c)dx =1

Shifting Property:

Given a functionf(x), which is continuous at x = ¢, then:

| 18- yax = £

Shift Property:

This property allows for a shift of the point of application of
6(x—rc), 1.e:

]6(x—c)f(x)dx= j6(x)f(x+c)dx=f(c)

Scaling Property:

This property allows for the stretching of the variable x:

[oe]

[ () reodx =1alr©

—Q0

and

] §(x —c)/a)f (x)dx = |a|f(c)

Even Function:
The Dirac function is an even function, i.e:

o6(c—x)=6(x—rc)

since:
jo S(c—x)dx =1
and B
f §(x —o)f(x)dx = f(c) = fw 6(c —x)f (x)dx

9.2.2Definite Integrals:
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The Dirac delta function may be integrated over finite limits,

such that:

b
f(S(x—c)dx: 0

:1/2
=1

c<aorc>hb

c=aqo0rc=>,
a<c<b

and the sifting property is tl')ye.g gfg@ﬁﬁned as:
A

Pary
A%

l
=

0 — sequence function

0 — sequence function
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These approximations have varying degrees of usefulness. Equation is
useful in providing a simple derivation of the integral property. the
equation ois convenient to differentiate. Its derivatives lead to the
Hermite Polynomials. Equation is particulary useful in Fourier
analysis nad in its application to quantum mechanics. In the theory of
Fourier series, often appears (modified) as the Dirichlet Kernel:

5. (x) = 1 sin [(n + %) x]

2T gin G x)

1
"1+ n?x?
— - X
sinnx
/\ X
8 — seqpience function

C
C

In using these approximations considering well behaved system, we
assume that f(x) is well behaved-it offers no problems at large x.
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For most physical purposes such approximations are quite adequate.
However, from a mathematical point of view the situation is still
unsatisfactory: The limits

lim 6, (x)

Do not exist.

b

ff(x)S(x—c)dx:O c<aorc>bh

=1/2f(c) c=aorc=»b
= f(c) a<c<b

If the integral is an indefinite integral, the integral of the Dirac delta
function is a Heaviside function:

f@c—c)dsz(x—c)

and

fd(x —¢) f(x)dx = f(c)H(x —¢)

9.1.3 Integral Representation

One can define continuous, differentiable functions which
behave as a Dirac delta function when certain parameters vanish, i.e.
let:

lir% u(a,x) — 6(x)

If it satisfies the integral and shifting properties above.

To construct such representations, one may start with improper
integrals whose values are unity, i.e. let U(x) be a continuous even
function whose integral is:

[00]

f Ulx)dx =1

—Q0

then a function representation of the Dirac delta function when a — 0
is:

u(a,x) =U(x/a)/a
which also satisfies the shifting property in the limit as a —» 0
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Example

The function u(a, x) = a/[r(x? + a?®)] behaves like §(x), since:

0 x+0

lll—r%u(a'x) - {00 x=0

and since it satisfies the integral and shifting properties:

X

j‘( )d _1+1 " X
u(a, x x—2 narcan(a)

—00

Dirac delta function can be used to overcome difficulties in evaluating
integrals in a closed form.

Dirac Delta Function of Order One

The Dirac delta function of order one is defined formally by

d
61(x = x0) = = ——8(x = x))

such that its integral vanishes:
j 61(x —xp)dx =0

and its first moment integral is unity:

[o0]

f x61(x —xp)dx =1

—00

and its sifting property is given by:

| 18 = xo)ax = £ x0)

which gives the value of the derivative of the function f(x) at the point
Lim du(ax)
a—-0 da

of application of §;(x) = —

In physical applications, §;(x) represents a mechanical concentrated
couple or a dipole.

9.1.4 Dirac Delta Function of Order N

These Dirac delta function of order N can be formally defined as:

dN
Oy (x —xp) = (—1)Ndx—N5(x — Xo)
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so that the K** moment integral is:

[0e]

K _ {0 K<N
fx oy (x)dx = {N! K=N
so that when the upper limit infinite, the integral approaches unity.
Note also that if the limit of the integral is taken when a — 0, the
integral approaches H(x). It should be noted that this functional
representation was obtained from the integral:

so that:

1

S R )

which results in the form given for u(e, x) above. To satisfy the sifting
property, one may use a shortcut procedure which assumes uniform
convergence of the integrals, i.e:

f(x)dx

. ( 1 1 [
Jim ]“(“'x)f(x)dx = zim fxz +a?

Substituting y = x/a in the above integral one obtains:

f(ay) f(O)f _
1+y 74 1+y2

—00

1
llm fu(a x)f(x)dx =—=1i

Where the integral is assumed to be uniformly convergent in «. Let
f(x) be absolutely integrable and continuous at x = 0, then one can
perform these integrations without this assumption by integration by
parts:

[oe]

« [ Fo o [ @ FeS

— — dx =— ——dx + ——dx
T ) x2+ a? T x2 + a? x%2 + a?
—00 —00 0
a —-X X
0 g )
() x2+a«a X2+ a
0 0

Integrating the second integral by parts:

. fa [ f(=x)
lim| — 5 5
a0\ 1T ) x4+ a

0

dx | = hm f(x)arctan (x/)|g ——J f(x)dx

1 1[0
= ——limf (x) arctan(x/a) dx - _EJ fr(x)dx
0
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1 1,
= —Sf@IF =50

Since f(x) is absolutely integrable and continuous at x = 0. Similarly
the first integral

. 1.
lim x2+a2dx —>§f(0)

a-0\ 1T
0

so that, since f(x) is continuous at x = 0:

};}%( f f()u(a, x)dx) - f(0)

9.1.5 Transformation Property

One can represent a finite number of Dirac delta functions by one
whose argument is a function. Consider od[f(x)] where f(x) has a
non-repeated null at x, and whose derivative does not vanish at x,,
then one can show that:

6(x —xgp)
|~ (xo)

One can show that this is correct by satisfying the conditions on
integrability and the sifting property. Starting with the integral of

S[f (]

S[f(0)] =

[oe]

| strcotax

Letting:
u = f(x)
then:
u=0=f(x) and du = f (x)dx

then the integral becomes:

[ee]

jd[ ]d—l—1 fd(—)d
J A TR e R TREnT I
and

oo B ] 5(u)

_!o 5[f(x)]F(x)dx = J mF(x(u))du
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F(x) 1 f
= — = — F(x)6(x — xp)dx
Gl 7 Gl ) 0w
Thus, the two properties are satisfied if (o) represents 6[f(x)].

If*(xo)l
If f(x) has a finite or an infinite number of non-repeated zeroes, i.e:
f,)=0 n=123..N
then:

For instance in solving this equation the solution can be written
ordinarily—4m or o

fV.V(%)dT= —jV.(:—Z)dT={0._4n

Depending on whether or not the integration include the origin r =0.
This result may be conveniently expressed by introducing the Dirac
delta function

V2 (l) = —4n8(r) = 418 (x)8(1)8(2).

This Dirac delta function is defined by its assigned properties

6(x)=0,x#0

ﬂm=f.ﬂwaww 4

Where f(x) is any well-behaved function and the integration includes
the origin in a special case of the proceeding equation

f_O:OS (x)dx = 1.

From the same equationd(x) must be an infinitely high, thin spike at
x = 0, as in the description of an impulsive force or the charge density
for a point charge. The problem is that no such function exists in the
usual sense of function. However, the crucial property can be
developed in the equation rigorously as the limit of a sequence of
functions, a distribution. For example, the delta function may be
approximated by the sequences of functions, Egs. As written below

1

0,X<—Z
8,(0) ={n,——<x<—
nX) =31 2n x 2n
1
l O,X>Z

§,(x) = =exp(—n*x?)
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n 1
8 () = 71+ n2x2
sin nx 1 ("
5, (x) = — =5 et ot

Example D.3

The following integral, which is known to have an exact value, can
be approximately evaluated for small values of its parameters c:

(e¢]

1 [ cos(a x)J, 1 1
T fwd)(:ze aclo(bC):E c<<1

—00

If the integral cannot be evaluated in a closed form and one would
like to evaluate this integral for small values of c, one notices that the
function in example D.1,

C /[n(x%+ c?)], behaves as §(X) in the limit of ¢ — 0. Thus, one can
approximately evaluate the integral by the sifting properties. Letting:

F(x) = %cos(a x)], (b %)

Then the sifting property gives F(0) =1/c. To check the numerical
value of this approximation, one can evaluate it exactly, so that for a
=b =1 one obtains:

C T(exact) T(approx) cT(exact)
cT(approx)

0.2 4.13459 5.000 0.82692
1.0

0.1 9.07090 10.00 0.90709
1.0

0.01 99.0050 100.00 0.99005 1.0

This example shows that for ¢ =0.1 the error is within10 percent of its
exact value. This approximate method of evaluating integrals when
parts of the integrand behave like

A way ort if this difficulty is provided by the theory of distributions.
Recognizing that Eg. f(0) = fjooo f(x)d(x)d1 Is the fundamental

property, we focus our attention of it rather than oné(x)itself. These
other equations with n =1, 2, 3... may be interpreted as sequences of

normalized functions: f_cio 5, (x)dx = 1.

. L lim
The sequence of integrals has the 11m1tn S oo f—oooo 5, O f () dx = F(0).
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Not that this equation is the limit of a sequence of integrals. Again, the
limit of §,,(x),n = o, does not exist. (The limits for all four forms of 6, (x)
diverge at x = 0.)

We may treat §(x) consistently in the form ffooo S(x)f(x)dx =
lim

n-— oo ffooo 8, (x)dx
does not exist. (The limits for all four forms of §,(x) as indicated in
the above. We might emphasize that the integral in the left-hand side
of the equation is not a Riemann integral, but rather a limit. This
distribution §(x) is only one of a infinite number of possible
distributions, of the equation but it is the one we are interested in
because f(0) = fjooo f(x)d(x)dx From these sequences of functions we s
that the Dirac delta functions must be even in x,6(—x) = 6 (x).

C16(x),n — oo,

The integral property,f(0) = fjooo f(x)8(x)dx, is useful in cases where

the argument of the delta function is a function g(x) with simple zeros
on the real axis, which leads to the rules

1
6(ax) = E5(x), a>0,

6(x—a)
a, g .
g(@)=0, lg (@)l
g (@)#0

5(g(x) =%

To obtain Eq. (1.179) we change the integration variable in
IZ f)8(ax)dx = %fjooo f(fl—')d(y)dy = %f(O), and apply Eq. Al. To prove

Eq. A2 w3 de3compose the integral
I9) a+te

Joo fF)8(g()0dx =F, [, _ F(0)89(x — a)g (a))dx

A3

Into a sum of integrals over small intervals containing the zeros of
g(x). in these intervals,g(x) ~ g(a) + (x —a)g (a) = (x —a)(a). Using
Eq.B1 A3 right-hand side of Eq. we obtain the integral of Eq. A2 delta
function by the relation

2 fg x—xDdx=—["_f()8(x—x)dx=—f(x). We use ()
frequently and call it the Dirac delta function __ for historical reasons,
nut remember that if is not really a function. It is essentially a
shorthand notation, defined implicitly as the limit of integrals in a
sequence 4§,(x) according to Eq. It should be understood that our
Dirac delta function has significance only as part of an integrand. In
this spirit the Dirac delta function is often regarded as an operator, a
linear operator [ &(x —x0)f(x)dx = f(xo0) it may also be classified as a
linear mapping or simply as a generalized function. Shifting our
singularity to the pointx = x, we write the Dirac delta function as
8(x —x). Al becomes
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fjooo f(x)8(x —x)dx = f(x). As a description of a singularity at x = x,
the Dirac delta function may be written as §(x —x') or as &§(x — x).
going to three dimension and using spherical polar coordinates, we

obtain foh foﬂ fooo §(r)ridrsin@déde = [ §(x)6(»)8(z)dx dy dz = d1

This corresponds to a singularity (or source) at the origin. Again, if our
source is atr = r;,Eq. d1 becomes [[f §(r2 — 11)7224r, sin 6, d6, dp,=1

9.1.6 Delta Function Representation by Orthogonal Functions

Dirac’s delta function can be expanded in terms of any basis of real
orthogonal functions {¢,(x),n=0,1,2,} in solutions of ordinary
differential equations of the Sturm-Liouville form. The satisfy the
orthogonility relations

b
j om ()@, (X)dx = S 3

b
f O )P (X)dx = dmn

Where the interval (a,b) may be infinite at either end or both {for

1
convenience we assume that ¢, has been defined to include (w(x)) /2
if the orthogonality relations contain an additional positive weight
function w(x).} we use the ¢, to expand the delta function as

S(x—1t) = ZZ):O an (t)gpn(x):

Where the coefficients a, are functions of the variable t. Multiplying by
¢n (x) and integrating over the orthogonality interval

b
f O () 9 ()X = Sy

b
f Pm (x)<pn (x)dx = 6mn,(62)

a
b
We have ap @) = [, 6§ (x — ) @n (X)dx = @ (t)cs

Or 8(x = t) = L= @ (@, (x) = 6(t — x).

This series is assuredly not uniformly convergent but it may be used
as part of an integrand in which the ensuing integration will make it
convergent suppose we form the integral [ F(t) §(t — x)dx, where it is
assumed that F(t) can be expanded in a series of orthogonal functions
¢, (t), a property called completeness. We then obtain| F (t)§(t — x)dt =

f Z;f:o ap §0p (t) 2?10=0 Pn (x)q)n (t)dt
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(0]

=) 40,@ =Fw),

p=0

The cross products [¢,@,dt(n#p) vanishing by orthogonality
Referring back to the definition of the Dirac delta function, we see that
our series representing, eq.c3 Satisfies the defining property of the
Dirac delta function and therefore is a representation of it, this
representation of the Dirac delta function is called Closure. The
assumption of completeness of a set of functions for expansion of
d(x —t) yields the closure relation. The converse that closure implies
completeness use the topic of

9.1.7 Integral Representation for the Delta Function

Integral transforms such as the Fourier integral

F(w) = foof (Hexp(iwt)dt

Lead to the corresponding integral representations of Dirac’s delta
function. For example, take

_sinn(t—x) 1

6,(t—x) = W = %f_nexp(iw(t — x))dw, C3

Using Eq.(1.174). we have

Fo = tim [ O, - Dat.c,

Where §,(#x) 1is the sequence in Eq.(¢;) defining the
distribution 6 (t — x).

Note that Eq.(c;) Assumes that f(t) is continuous at t=x. If we
substitute Eq. (c3)into Eq. (c;)we obtain

f(x) =1lim,_, %f_ﬁo f(@® f_nn exp (iw(t — x))dw dt.

Interchanging the order of integration and then taking the limit as
n — oo, we have the Fourier integral theorem with the understanding
that it belongs under and integral sign as in Eq.(c,;) the identification

6(t—x) = %f"o expi(iw(t - x))dw

Provides a very useful integral representation of the delta function
when the Laplace transform
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[0e]

L6(s) = f exp (—st)6(t — ty) = exp(—sty), to>0
0

Is inverted, we obtain the complex representation

1 Y+ico

S(t—ty) =— exp (s(t — ty))ds,

2mi YY—ioo

This is essentially equivalent to the previous Fourier representation of
Dirac’s delta function.

N
_ 6(x—xy,)
U= Jrgor

Example

2n+1 ]
T

6(x2—a2)=21 [6(x —a) + §(x + a)]8[cosx] = z S[x— 5

a

n=—oo
9.1.8 Concentrated Field Representation

The Dirac delta function is often used to represent concentrated
fields such as concentrated forces and monopoles. For aX, of
magnitude P, can be represented by Pyéd(x — x3). This property can be
utilized in integrals of distributed fields where one component of the
integrand behaves like a Dirac delta function when a parameter in the
integrand is takes to some limit.
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